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V deſign in this Trea- 
tiſe, being to Demon- 
ſtrate the principal 

Properties of the Co- 
Sections, in: the, moſt caſie 
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anner; IL all not confine 
y ſelf ſtrickty either to the 
zalytic, Or 8 athetic Method, 
t ſhall uſe both indifferent- 
| as I ſhall find the one or 
> other beſt anſwer that End. 

Neither 
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In the PLATES. 


and 8 V interſect, place O. 
= Plate III. of-the Hyperbola, Fig. 14. where 
IX interſects Vx, place D. | 
Tbid. Fig. 15, for u, —_ a. 


* 


Aae, 


Mn pou I. of the Parabola, Fig. 6. where Fr 


8 the Axis, as G C. 


Conic Sections. 


. 0 t 


Fant: i - 
| Of the PARABOLA, | 
5 The GRNEsIͤ. I 
| F from a Point V, in any indefi- Fig. 1. 
nite right Line, there be taken 
VD == VK, and, from the point 
K as a Center, with the diſtance 
DG, you interſect & M, Pexpen- 
dicular to D G, in the points c 
and M, thoſe points will be in the Curve of a 
PARABOLA. 3 . 
; : | DzxFIiNITIONS. Way n 
1. The Point V is the Vertex, and K theFo- 
cus of che PaRAaBoLA.- -. OE * 
2. The right Line D G, paſſing through the 


Focus is call d the Axis. 5 2 
. - 3- A right Line Perpendicular to the Axis, 
and terminated by the Curye, is an Ordinate to 


* 


Of the PARABOLA. Par I. 6 

. 45 The diſtance (in the Axis): from the Ve- 1 
tex to the interſeckien of the e called + 

| the Abſciſſa of that Ordinate, as V G. 


F. A right Line drawn from any point ofthe 
"Curve, and Parallel to the Axe is called a Dia- 1 


meter as C V; and the point in the Curve, fon 1 
E- which it is drawn, is called the ar of that . If 
IF Diameter. 5 


Fig 5 HE Square of any Ordinate, is equal to the 
2 Rectangle of the Abſciſſa of that Ordinate 
into Qua e the diſtance of the Focus from 
che Vertex, t at is, G O7 V ENS V. 


DzmonsrT. 


pat K V VDA, VG=x, ndGC - 4 
== J, then, (by the Geneſis} G K x 
andDG =CK—=9q+x; but (by 47 E. 1.) 
KC, q = KG, 4 C,, chat is, 9 21x J 
T* F —-2 NN + 9: Or 49 x; A” -— 
e i 75 


* 
8. 4 * PI 
; 8 : *. 
5 8 d 
- A 8 „ * |” hd N 
. Y, :, 7 
a A 33 
% » 
* 9 - * — 
1 ' — 
" a —> ' 
- 1 . 
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* ot 4 Pn: 
wo 3 1 
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The Squares ofthe Delis areto EY he 
as their Abſciſſas. becauſe Y* = 4 q X, and y 
_ = 44 K, therefore Ye. : (&. 4957 ) 
. | 
Definition, The uadruple of the Focal W 4 
ſtance is called the ee of the Axis, and 
* is a third Proportional to any Abſciſſa and its 
Ordinate. 8 92 75 5 pi it vill be hx - "Bd 
=" therefore x. :: y. P. 


* 
5 


* I. of che! PARABOL A! 


S rameter of the Axe, is to the Otindte dank” 


Can 


The Ordinate, which paſſes through che Fo 
cus, is equal to half the Parameter of the Axe. 


For, in that caſe, x9, therefore (by the Pro- 
_ popes) 47 = and y=(2 7 1 5 P. 


PROP. II. 


* 

5 4 
* f 
1 


8 the N of the Axe is to the ſum Fs I. 
of 7 0 two Ordinates, ſo is their difference 


to the difference of their Abſciſſas; that is, p. 
IN: : NO. NC. 


ns Dxemonsr. 


put HO V, GC, VH X, and v 
x; then (by Prop. 1.) y X V, and g N 
. therefore Ne e and p. Y+y 
. Xx; that is, p. IN: NO. NC. 
2; E. D. 


PROP. Ng 


1 from the Vertex a right Line be drawn fo. Fig. Il. 4 


as to cut the Curve, and continued till ir 
cut any Ordinate produc d, it will be, as the Pa- 


from the Interſection with the Curve, 1o is 
the oO, OA to its 8 chat is, ; 


SPILLS 


of 


1 Hs = b, vG r VH=X, Hom 
as 3 LY, Your 


£ ( 


Of the P ARAB OL A. PART I. 
byy 


* 


= - ” d FEY P N 5 83 agg 
$4 5» N A THEE "OY 
A „ 8 5 2 
. 2 0 <q 


(x. X:: by Similar A's) y. 6; therefore 


4 (v. pX, or by = PX; thatis, 5. 5 
b.X; or, P. GM: HS. HV. 9 E. D. 
N PROP. IV. 


F, from any point D in the Axe 8 1 4 
1* right Line be drawn interſecting the Curve 
in two points C and I, and the Ordinates CP, ; 9 
IH be drawn from the ſaid Interſections; VD, * 
will bea mean Proportional between VP and VII. 


DEMON ST 1 1 
put VD =, Vp x, VH X, then PD 
—b+ x and HD—#4+ X; but (from Similar 
1 s) PPG. HDS PCg.1H9:: (by 1.) PV. 
"Is HYV.chatts, & + bx + x. b* UNA N. 
* x. X. therefore X X — X _ Xx ;Or 
Be... þ Xx, that is, x. :: 1 X, or VP. FD +: 
2B | VD. HV. 2. E. D. 
5 8 PRO P. v. | 
. . | ch iP 
3} F any right Line touch the Curve, andanOr- - 
. | dinate be drawn from the point of Contact, 
5 then, I ſay, the Abſciſſa of that Ordinate ſhall.: 
: be equal to rhe-diſtance ( in the Axe produc d) 
_ from ike Vertex ofthe Curve to che interſeckion 
FP. . of the Tangent. that is, G V SVT. 1.56 8 
A "op 
2 DEM ONST,! Z 


Let 7F bs an indefinit ſmall of 1 
0 urve, and continued to 7 draw 2 to. 8 


. „* 4 . 4 , , 
S 8 c 


cake Tae 


1 8 < of 


pur! OfthePARABOLA. 


Ordinate, and F, || ro the Axe, and let F = 
2 VT=4; and the other SEL 
ual. then Vs — x+#, and Fro = y + un; 


and by Similar A's m. 1: . x + 4; therefore 


n 2=(2=) x + a, and (by Prop. I.) px - 


Vs=er, q; andpx VG=—GF q; that is, 2 ＋, 
P = +25 m+mw,and p =, therefore. 
„T2. = (px=) ; that is, #= 
2 


t d conſequently, U @= (== 2 2 


8 Hehn 2.x. and 4=x, or, ve 


_ 


6. E. D. 


PRO P. vl. 


FP: from the point of Contact, a right Line be 
drawn to the Focus, it ſhall be equal to the 
diſtance (in the Axe produc'd) from the Focus 
to . ee of the Tangent, that is, KF Fig, IV. 
=L 


DEMONST. 


By Prop 5: GT—2x, and (by 8 22 
GK, KT (GT KG 
e K aan KF. 


Q. E. D 


b. R 0 p. vn. : 
. babe Ta epi — 
dicular be drawn, and 


xe, then the diſtance in the Axe — 
that point, ro the Ordinate drawn from che point · 


5 "> 
T . * * 
r 


of che P ARAB OL A. PARTI. 


of Contact, that is the Subnormal is __ to 
Fig. V. halfrhe Parameter ofthe Axe. that is, W 


Demons.” 4 
ror QGput h, then / by 8. Ew. <6 GT. GC:; 
GC. GQ; tle, :9.6..2x6 28 

Px, and b 3p, or, QG=3ZP. 2, E.D 


PROP. VIII. 


T* E diſtances from the Focus to the point 
FL of Contact, from the Focus to the inter- 
ſection of the Tangent with the Axe, and from 


the Focus to the end of the Subnormal are equal. 
that is, FC=FT—=FQ. 


Dzuons u. n 


y the Geneſis GF — =* 1, and (by che 


8 FQ=(GF+GQ==x+ 
— ( by the Genefis ) FC = (by the 6th.) 
FT. . . 


1 Conor. I. 


Fig. V. B 
th. 


Hence F is the Centre of a Circle ing 
chrough Q, C, and T. ping 


Conor. II. 


The Angle formed by the Tar ent and Axe 
is equal to half the rc Bi formed by the Axe, 
and a ſtraight Line Fans from theFocus to the 


re that is, n L CFO. 
31. Eu. 3 


. | PROP, 


Pak: . ene 


. 0 P, x 


. . * ? hh ? 
* — w » 


Ir, from "the Vertex; a right Line be Ak 
Parallel to an Ordinate drawn from the point 
of Contact, and cut the Tangent, the Square of 
that Line ſhall be equal to the Rectangle of half 
the Parameter of the Axe into half the Abſciſſa 
9 of that Ordinate. that is, V Rq= * GV. 


| Danonsr. 


= * 


5 r sT vk, TGC are Simi- 
lar, but VT! by the 5. . V RZA GC; 


| that is, D 1 Gd by 5 3 
. iP X5 * or VRR a 


PROP. X. 


— - _— 


F, to the Tangent drawn to-tlie Vertex of 
1 my Diameter a right Line be drawn Parallel, Fig. VI. 
the part of that Line which lies within the N 
Curve, ſhall be Biſected by the Diameter, that . 
is, the Ordinate x . 


DEMONST. 


Produce the Diameter y, and draw! KR, LE 
VS Parallel to the Ordinate. F G. then, 
1. AGF T or GS. a K 2Þ:: (GF. KS 
GV. KV. :: by 1. E. 6) U GS. OKS-.A 
* Ks. 
2.725 A GET or Gs. AH xP »: (GFq. Hx 
: GV. HV :). UGS. UH S. . X H p 
| IIS. but H PAK ZP = UH S KS. i. e. 
the Figure HxzZK= [} HR; from which tak- 


*% ing 


$447 


Of che P ARAB OL A. Pakr I. 
ing the common Figure H Y OE K, there remains 


the A Y x b and Similar to the A CRE, and 
conſequently x b6=6z. ©, E. D. * 


ConRor. 


I TheFigurebF TP=4AY xb, becauſe aGFT 
Gs, therefore the Figure HY FT —( 
+£AGFT=—=]HEF+0GS—_UH =) 
AHzxP. from which taking the common Fi 
Hv, there remains the Figure FT P=4AY x b. 


"LEMMA. 


If FT bel to i p, and the A br 5 —Trapezium 
FT p, then FT+bpxFb—brx26. becauſe 
(by (> gag FTT = ENI 
+6bp (by Siler ar 5) 1b. 6F.and 


Fig. XI. 


W to the Diameter F V. then, 
PRO p. XI. 


H E Rectangle of the Parameter (ſo obtain- 
ed) into any Abſciſſa of that Diameter, is 
equal to the Square of the Ordinate of that Ab- 
Fig. VI. — * PxFb= x6, 9 = E, 4g. 


DzEMONST. | 


ro. 


By che Definition Fer TF 5 


r 


FT+S a es: $5 G x 
Eig. VI. Definition, Let F S. FO::2FT. pthe pa. | 


by Simi 
* 's jp + ad(by he preceding Lemma) z2fT 4 


1 
. 


Partl. nn — 


=" ba 
A xFb br A. (wag XL TxbF= 33 
| * 457 be) or bub NQ. E. D. 


PROP. XII. 


T HE Parameter of any Diameter is:e 7 
to the Paramater of the Axe adde 

Quadruple the Abſciſſa of the Ordinate —.— Fig. VII. 
from the Vertex of that Diameter. i. e. P 
e 


DEMoONST. 


From the Vertex draw V6 Parallel to the 
Tangent FT, which (by the roth.) will be an 
Ordinate to the Diameter FV. then, by reaſon 
of Parallels bF=VT= (by the 5) GV=—=x. 
aud by the laſt, Py=(bVq Ys =EGq+ 
18 GTq=4x +4 =) 4 ** ONLY oP =(4x+ 
'f 207)p+4GV.Q. E 


P R 0 P. XIII. 


HE diſtance from the Focus to the Ver- 


. tex of any Diameter is equal to one fourth 
ok che Parameter of that Diameter. that is, KF 

Ea | 

64 222 P. 


DEMONST. 


By the laſh P—p+4VT, and (by thefirſh) 
= $3 Þ 88 P = KV J VT; and! 41 


. PROD. 


* of the p ARAB OL A. Pakr l. 
the common Figure H Y bz K, there remains 


the A Y x b — and Similar to the A & R, and 
. conſequently xb6—=6bz. & E. D. 


we 
Conor. 
OO TheFigurebFTP—aY x6, 8 r 
* Gs, therefore the Figure HY FT —( | 
+AGFT=NHF+NGS—fH = 
AHzxP. from which taking the common Figure 
- HY#P,thereremainsthe Figure FT P=AY x6. 


"LEMMA. 


Fig. XI. If FT bel to p, and the A br &—Trapezium 
FbTp, then FT+bpxFb—brxz6. _ 


b theſis) FT+bpxp=2bx 
Ap: po eſis) P 7 - 


:: (by Siler a" 8) 76. bF. A 
FT 4 En" 4 9. Z. D. 


Big. VI. Betten, Let FS. FO::2F T. PrhePa- 
3 the Diameter F V. then, 


PROP. XI. 


© þ HE Rectangle of the Parameter (ſo obtain- 
ed) into any Abſciſſa of that Diameter, is 


equal to the Square of the Ordinate of that Ab- 
Fig. VI. La A PxFb= xb, 9q= 62, 4. 


bzuexsr. 


en TE F Bil 


8 bY ; ee, preceding Lemma) 27 T 


* 
| * * « 
” | © 


Parr I. Of the PARABO LEA 9 


„ | bs 
5 * Fb. ( FT xbF = 7 
Nau. e. or PxFb=bxq=b2q QED. 
PROP. XII. 


5 HE Parameter of any Diameter is equal 
to the Paramater of the Axe added to 

Quadruple the Abſciſſa of the Ordinate drawn Fig. VII. 
from the Vertex of that Diameter. z. e. P = 
eee 


DEMoONST. 


From the Vertex draw V6 Parallel to the 
Tangent FT, which (by the roth.) will be an 
Ordinate to the Diameter FV. then, by reaſon 
of Parallels F VT = (by the 5) GV x. 
and by the laſt, Py=(4Vq ee gr 
4 d e * 2 oP =(4xt 
1 1 146 V. . E 


PR 0 p. XIII. 


HE A from the Focusto the Ver- 
tex of any Diameter is equal to one fourth 


of che Parameter of that Diameter. that i iS, KF 
P. * 


| DEMONST. 

. 
I By the laſt, P=p+4VT, and (by the firſt) 
EY. pam KV. T AF Js 
Is. (KY +VT=KT=by thes.) KF. E. D. 


B ' PROP. 


10 


Fig VII. 


Ot che PARABOL A. Paxtl 


PROP. XIV. 


F, from the Focus, a Perpendicular be drawn 
to any Tangent; then the Square of that 
Line ſhall be equal to the Rectangle under the 
Focal Diſtance, and the Diſtance of the point of 
Contact from the Focus. i. e. KOq =K VxKE. 


DEzMoONST. 
From the Vertex draw V O|| to GF, which 


will Coincide with the point O, becauſe (by 
the 5th.) GV VT. (by 2. E. 6.) TO 


OF, and becauſe AK O T is right .. (by the 


8. E. 6) T K. KO :: KO. KV. and KO q 
(TKxKV) FKxKYV. Q. E. D. 8 


PROP. XV. 


Tf, an Ordinate to any Diameter pow through 
the Focus, then the Abſciſſa of that Ordinate 
ſhall be equal ro one fourth, and the Ordinate 
equal to one half of the Parameter of that Di- 
ameter. | ns 


Demons. | 
1. FromParallels, bF=(KT=by 6.KF= 


by 13) ;P. 3 
2. Since F =P and (by the 11) PX EF 


=6bCq. . 1 PU. and ;3P=6C. 9, "© 8 


PROP, 


* PC. . P 
3 — 
* 


2 


PART I. of the PARABOL A. 


PROP. XVI. 


T HE diſtance (in the Axe) from the inter- 


ſection of the Tangent, to the end of the 
Subnormal, is equal to half the Parameter of that 
Diameter, whoſe Vertex is the poine of _ 
tact. that is, QT YP. 


DEMONST. 


By the 13. FKP; and (by8) FK=QK 
SET , e P=) 


» * 


PROP. XVII. 


F a double Ordinate be drawn from the Point 
of Contact, and another double Ordinate be 
drawn below; and cut the Tangent produc'd, 
Then as the double Ordinate paſſing through 
the Point of Contact, is to the Sum of the two 
Ordinates, ſo is their difference, to the exter- 


nal part of the lower Ordinate added to the dif- 


ference of the Ordinates. that is MF. OL: 


| IL. BL. 


DEMONST. 


Let V G=x, then (by 5) GT=2.x; FG 


Wn 0 ee 2 LBS d. Ty 


* 2 
++ 
* 
* a 
1. q 


Fig. 
VIII. 


20P. no . — — — LF, and from Similar &* yo 


4 
2x. 4 Fo „ap, and (becauſe 


f N Mc, or 2). C:: n. d. 1. e. MF. 
OL: II. BL. 2 E. D. PRO P. 


12 


VIII. 


Of the PARABOLA, PRRT I. 


p RO P. XVIII. 


THE "JEM things being ſuppos'd as before ; 
| the difference of 2 is a mean 


Proportional between the Double of the upper 


Ordinate, and the External part of the Lower. 
z. e. FM. IE :: IL. BI. : 


* 


DEMONST. 


For BI put c, IL, u, and FM, 25, then Ot. 
—2y+m, and (by 17.) 25. 25 m: m. d. d 


22 , ˙n ; and, c (A VEE 2 
2.9 2 


21 02 cher is, FM. IL 2211.81 NE. D. | 


PROP. XIX. 


HE ſame things being ſtill ſuppoſed; asthe 

1 Double ofthe lower Ordinate added to the 

External part, is ro the Sum of the two Ordi- 
nates, ſo is the External part of the lower Ordi- 
nate added to the difference of the Ordinates, - 
to the difference of the Ordinates. that is, B. 
L or.. 2 | 


DEMONST. 


Let OL==c, LB d, IL==m; then OB 
4 and M Fc. m. But (by 17) MF. OL: 
IL. BL; that is, c n. c M. .. ed.. dm 
Sen; and em+dm—cd; or cd. e:: dm; 


that is, OB. L B:: OL. IL. Q E. P). 
C 


-+ 2 am. Whence wank ctexe—e: 


pur.  OfthePARABOLA, 13 


PRO. XX. 
TILL ſuppoſing the ſame things; having 
OI, and BI bs tis requir'd to find Tor 
Let KL—=6, IL n, BI Za, and OI c, 
then (by 18) KL. (MF) IL: : IL. BI, that is, 


| ; 5 h p* * Ip 
b. m:: m. a. ba m and b =— alſo,'c = 


(zn == TA) a ED era 
a . 


Co. 


Hence from a point B without the Curve pig. 
(and not in the Axe produc'd) we may draw a VI 
Tangent. For, if, from the given point, we draw 
I O Perpendicular to the Axe, and then find a 
mean proportional between OB and IB, from 
which if we take IB, and ſet the remainder from 
I, to L; and then from L, draw LF, Parallel to 
the Axe, the point F is determin d, to which, if 
from the given point B, a right line be drawn, it 

will touch the e 5 


PROP, XXI. 5 
F FP touch the Curve in F, and, from any 


1 Points M, S, in that Tangent the right lines 
BM, SD, be drawn || to-the Axe and cut the 


FDg 


DEMONST. 


Ordinate in B and D; then MO. FBq :: SR. Fig.1X. 


, 
# 2 
* 8 
bets”; 4 
2% * 

+ = 
"= 
1 

by 

ta 

= 
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DEMON ST. 


Let MOz=6b, FB c, S R d, andFD==q, * 
alſo GV==V T==x. Then by 11. x. 6 :: (F Tg. 
FMq: : by Similar A's) V. c* and x. 4 : T4. 
FSq: : by Similar A's) *. . .. (by E LED. 

6. c d. , or MO. FBq: SR. FD. & 


PROP. XXII. 


F, from any Point in the Tangent, a right 
line be drawn Parallel to the Axe, and cut an 
Ordinate, the Rectangle of the Parameter of the 
Axe into the = part of that line, is equal 
to the Square of the Segment of the Ordinate 
intercepted between that line and the point of 
Contact. that is, * MO=—=FBq, or & RS | 
FDq. 5 | | 


e 


 DEMONST. 


By the laſt g. = („.= by the 1ſt. ) px; 


a =(y= =) px pb = e anddp— 1 
pF. 3. e pxMO= Pad pxRS=FDq 


9.E 


PROP. XXII. 


F FP touch the Parabola in F, and if, froma- 

ny point 8, in the Tangent a right line SD, 

be drawn Parallel to the — and cut another 

right line F C drawn from the Point of Contact 

any how within the Curve ʒ then the Curve ſhall 
| cu 


Fig. IX. 


Paar I. Of the PARABOLA. 15 
cut the firſt line in the ſame Proportion that the | 


firſt line cuts the ſecond; that is, SR. RD :: FD. 
3 


DE MON ST. 


Draw PC Parallel to S D, and let C Pr, RS 4 
c, FS—=d, RD=p, PS=m, FD, and 1 
DCD h. Thenc. :: (d. d n:: by Similar 1 
As) g. 4 * and (by Similar A's. Jr. g:; ih 7 
cg. — 


Cc ＋ P. g. therefore —(r 1 3 


. ch+pghph, esc +pgb; 


and dividi ingby g+h;ch=pg,or,c.p::g.h; 
that is, SR. RD::FD.DC. Q: E. B. . 


PROP. XXIV. | 


8 the Abſciſſa is to the Square of the Ordi- Fig: IX; 
nate, ſo is any right line drawn within the 
. Curve, and Parallel to the Axe, to the Rectan- 
gle of the Parts of the Ordinate which it edivides, 
that is, VG. FGq:: OB. FBxBC. |. 


1 


1 | | Daxonsr. | | 
19 Let OB , FBS e, BC=r, MO=6, 
4 then by a1) *. H:: N. ci and (by the laſt) &. 2 
216. — = —3 and rc MN. or 


= | x. Y :: M. 76. that i is, VG. FGq :: OB. FB x 
ff BEQED. | Eq 


Conor. 


16 OfthePARABOLA, Pax. 


CoR ol. 


OB. FBO: RD. FDDC. Becauſe (by 
this Prop.) OB. FB x BC :: (VG. FGq ::) 
RD. F DX DC. 


PROP. XXV. 


th a Tangent cut any Diameter produced, and 
if, from the point of Contact, an Ordinate 
be drawn to that Diameter; then the diſtance 
(in the Diameter produced) between the Ver- 
tex and Interſection of the Tangent, ſhall be 
Fig. x. _ — * Abſciſſa of the Ordinate; that is, 


DEM ORNös r. 


Let OS=x, Cr —=OP==»3, ir n, RS 
a, OC AN, and then Pr, (which is ſuppoſed to 
be indefinitely. near to OC) will be = y n. 
and S P x. then by Similar A's n. # :: y. 
& 14 * and by the 11. SO 
— OCq, alſo pxSP—=Prq. i. e. p x, and 
px+pu—=97 nm; whence px = 
Tz mb. = T2, or 2m 
Pn, and #= _— alſo (by Subſtitution fromthe 
firſt Equation) x + 2 IE CET a 
cell wok EO ET 
- 4.0 2 &; and &=(2X.x=)x30r,RS- 
2280. 9. E. D. | 
| PROP, 


2 


* 


bparl.  OfthePARABOLA, 


' PROP. XXVII. 


xa Diameter be drawn from the Interſection 


I of any two Tangents, it will Biſect the line 
| which joins the points of Contact. 


MM | DEMONST. 


From the points of Contact (V, C,) draw the 
Ordinates Vo, CO; then by the laſt RS=SO 
and RSS.. SO — So, and conſequently 
Vo and CO being Ordinates to the ſame Diam- 


| line. O. E. D. 
Co Rol. 


Hence we have another method of drawing 
Tangents to the Parabola from any point with- 


you draw a Diameter (as RP) and in that Di- 
ameter ſet, from the Vertex, the Abſeiſſa (SO) 
equal to the External part (RS) and then through 
the extremity of the Abſciſſa (O) drawing a right 
line Parallel to the Tangent (xy) at the Vertex 
of that Diameter, the Extremities of that line 
(as C, V,) will be the points in the Curve in 
which lines drawn from the given point will 
touch it. e bs 


PROP, XXVI. 


= I. from the Extremity of any Ordinate (x b) 
1 % Diameter, a right line (as x 7) be drawn 

4 at right Angles to the Diameter; then the di/- 

C 1 fance 


* 


eter and Abſciſſa are equal, and in the ſame right 


out the Curve. For, if from the given point (as R) 


F ig · VI * 


1 
1 
4 n 


18 Of the PARABOLA. Par IJ. 
tance (x T) in that line from the extremity f 
the Ordinate to the Diameter, ſhall be a mean 
proportional between the Parameter of the Axe, 
and the Abſtiſſa of that Ordinate. that is, p. 
ot Fa 4 a of 8 


DEMO NST. 


Put x V=, FX, then (by 1.) FGq=—= 
px, and (by 5) GTq=4x* .. (by . E. 1) 
FTq=px+4x*= p+4 xxx. But (by 12) 
x PN 4 xX. and from Similar A's FT q. 
FGq :: xbq. x Yq. thagis, P +4x xx. px. 
P TAX X. . 4a and p. a::4.X or, 
rin 
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Part I. - : 
Of the ELLIPSE. 


The GENE s1s. 


VE * 


F, upon a Plane, any right 
Lins be taken, as AB, . 
BH = AK, and, the point 
G be taken any where in 
that Line; Then, if, with 
the Radius AG, from the 
point K, youdeſcribe an Arc 

aa tꝗ F, and with the Radius 
GB from the Centre H, you Interſect the for- 
mer Arc, and if, from the Points H and K, you 
draw the Lines HF, KF, I ay HFT KF 
AB. For (by Conſtruction) KF — AG, and 


 HF—=GB.. HF + KF = (AG+GB=—) 


Fig · I. | 


_ AB. In like manner an indefinite Number of 


Points 


* o 
4 
=” 20 


Tig. II. 


1 
A 


Fig. III. 


Of the ELLIPSE. Paxrll. 


Points may be found, and if a Curve-Line be 
drawn through them it is called an ELLIPSE. 


DEFINITIONS. 


1. The Points H, and K are called the Foci. 

2. A Diameter is a right-Line which paſſes 
through C, the middle of A B, and Biſects all 
Lines within the Curve, that are Parallel to the 
Tangent which touches it's Vertex, and the 
Lines ſo Biſected are called Ordinates to that 
Diameter, ſo FV, is a Diameter: x0 — o, are 
Ordinates, being Parallel to the Tangent which 
touches the Curve in F, the Vertex of the Di- 
ameter. „ 5 

3. The Point of Concourſe (C) of all the Di- 
ameters is called the Center. 

4. That Diameter to which the Ordinates 
ſtand at right-Angles is called the Tranſverſe 
Axe, as AB; and that which paſſes through 


the Center, and cuts it at right-Angles, is called 


the Conjugate Axe; as ED. 
5. The Point, where the Ordinate Interſects 


the Diameter, is calledthe Point of Application ; 


as G, and o. | | | 
6. The Segment of the Diameter intercepted 
between the Vertex and Point of Application, 


iscalledrhe Abſciſſa; as Fo, oV; or BG, AG. 


PROPAJ1E 


8 the Square of any Ordinate to the Tranſ- 
verſe Axe, is to the Rectangle of the Ab- 
ſciſſas which it divides; fo is the Square of the 
Conjugate, to the Square of the Tranſverſe Axe. 


DEMONST. 


\ 


| PaxrIl. of the EL LIP SF. 21 


DEMO NST. 


1 Let AB = F, DE c, KC ==, CG= x, 
FG == y, andFH— ; then KH =26, and 
KGS x, GH == x, and (by the Ge- 
neſis) K Ft , the Points K and H, beingthe 
Foci. then K Eq E Cq=KCq, that is, 171 -i 
=, by 47. Eu. 1. and (by the 13. and 12. E. 2.) 
KFq—=FHq+KHq+2KHxHG.z.e. 
. 28 T = ＋ 46146944; 
8 . = = and by Squaring both ſides, 
> we 58 3 GH==) 
Y +6. .26bx + x*; which being clear'd of 
. fractions and contradictory terms will be 74 + 
4 I66 x —4Þ +4 , and Subſtitu- 
1 ting, for 16% and 4% in this Equation, their re- 
ſpective values in the firſt, and throwing out 
4 contradictory terms, and, dividing by 4, we ſhall 
FF have  —jrf of = ; which reduced to an 


- * 
— CS 
— 


3 Analogy gives .. 17 F N:: 6. E. i. e. 
Fes. A6x6B::DE.AB. Q, E. B 


C or. 


Let any Abſciſſa be x, and its Ordinate y, the 
Tranſverſe Axis, t, and the Conjugate c, (which 
Symbols repreſent the ſame things in all the fol- 
lowing Demonſtrations) then by this Theorem, 
te. ca:: ¶ xxx , or HN —=Offix—Ox; 
which I call the Equation of the Curve. 
eee A third Proportional to the 
Tranſverſe and Conjugate Axes is called the Pa- 
8 rameter 


22 


Of che ELLIPSE. PartH. 


rameter of the Axe; that is, if you put p, for 
the Parameter, then f. :: c. p.. PAC. 


PRO P. II- 
S the Tranſverſe Axe, is to its Parameter, 


them. 
DEMONST. 


By the conſtruction of the Parameter #p—c*, 
and by putting f in the Equation of the Curve 
for c, we ſhall have anew Equation of the Curve 
in the Terms of the Parameter Sc. viz. t —= 


tpx -*, or = 2 * tx -x. . p:: EN 


* 4. v. & E. D. 


Cox ol. 


As the Rectangle of any two Abſeiſſas, is ta 


the Square of the Ordinate which divides them; 
ſo is the Rectangle of any other two Abſciſſas, to 
the Square of the Ordinate which divides them: 


For, (by this Prop.) f N. :: (f. p:) 1 & 
* X. Ye. | 


PROP. ut: 


"T"*HE Tranfverfe Axe into one fourth of its 
Parameter, is equal to the Rectangle of 
the greateſt and leaſt diſtance of either Focus 


from the Vertex; that is, 1 * AB =AH X 


HB —=BK x KA. 


DEMONST. 


ſo is the Rectangle of any two Abſciſſas; 
to the Square of the Ordinate which divides 


ern. Of he ELLIPSE 23 


DEMONST. 1 
Let HB=4,thesHA=f——9, 1 and C H I 
7. But HEq=ECq+CHgq. i. e. tf = Fig m. 


| 1 port pic, at £m . K 5 
ip. or p * AB AH HB. Q ZE. D 


CoR Ol. 


The Semi- conjugate Axe is a mean Proportio- 
nal between the greateſt and leaſt diſtance of 
either Focus from —— Vertexes: for ſince 7 
* 2 = 1. f . 1c: : 1c. 9. that is, AH. CD 

;: CD. HB. 


PROP. IV. 


H E Parameter of the Axe is "STA the 
Ordinate applied to the Focus. | 


DEMONST: 


Let the Focal diftance be 9, and the Ordinate 
paſſing through the Focus y, then (by the 2 d.) Fig. 
e EE 12 But (by Prop. 1 + | 

=i7p C29) ({7 =) 5% and 
= or dmg: © 


A 


HE diſtance between the Foci is a In | 

Proportional between the Sum and diffe- 
rence of the Tranſverſe and Conjugate Axe. i. e. 
AB+DE. KH : : KH. AB_DE. 


DEMON ST. 


24 of che EL LI PS E. Parl. 
DEMONST. 


For KH, put 6; then KDq_CDq=—KCq, 
Le PO ö . 
:: G. tc, or, ABT DE. KH:: KH. AB. 
DE. Q. E. D. | 


PROP. VI. 


A Fourth Proportional to the Conjugate, 
Tranſverſe, and any Ordinate, is equal to 
a mean Proportional between the Abſciſſas of 
that Ordinate. dans 


DEMONST. 


Let the fourth Proportional be 6; then c. ?:; 
. 6 -. 2b, But(by Prop. 1.) f.. c fx 


Fig. IV. 


&. *.. (by 22. E. 6.) f. c:: Vi xxx. Y ; 
. | 
nd Vr *** =( Z) b. C E. D: 


PROP. VII- | 


| HE diſtance between the Foci, is a mean 
Proportional between the Tranſverſe Axe, 
" and the difference of the Tranſverſe Axe, and 
2 Parameter, i. e. AB. KH:: KH. AB 


DEM ox. 


YN, 


Paxr II. Of the ELLIPSE; 


DEMONST. 
KDq.—:CDq=KCq; that is, 16 — 1 
26˙, or f- ping of. But ty =. ftp 
==Þ, and . b:: t P, or, AB. KH: 77 KH. 
AB. I. R 2. E. D. 


- PROP. VIII. 


tangle of it's Abicifſas; fo is the Square 
of he Oo Conjugate; to the Square of the Conju- 
Pan! added to the Square of the diſtance of the 


oci; that is, FG q. AG x GB:: EDq- ED 
KH. 


ETA 
KEq=KCq+CEyq: i.e. bi, 
br #=# +6; Dr (Op Pro ae areal 

bean 2 E. Y 


PROP. IX. 


eter ; ſo is the difference between the Square of 


the Conjugate Axe, and the Rectangle of the 
Abſeiſſa into the Parameter, to the Square of 


the Conjugate Axe. i. e. FGq. BG LR: 
EDq.BGXxLR. Py, 


5 8 þ De MON. 


A S the Square of any Ordinate is ta the Rec- 


18 the Square of any Ordinate, is to the 
Rectangle of it's Abſciſſa into the Param 
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Of the ELLIPSE. xx. I. 


DEMONS T.* 

By the Equation of the Curve, F. = x 

2 | 4 az> 

e. But = .. (by Subſtitution ) 28 
Ox Zh. | 


= 7 — © x*, and c — . i. e. 
MV. p:: Cx. c. or, FG q. BG LR:: ED 


— BGxLR. E Dq. 9. E. D. 
PROP. X. 


A S the Square of the Conjugate Axe, is to 


the Square of the Tranſverſe Axe; fo is 


the Rectangle of any two Abſciſſas of the Con- 


jugate Axe, to the Square of the Ordinate which 
divides them. i. e. DE q. ABq :: Dh xh E. Fhq. 


DEMONST. 


Let E h= x, and Fh — y. then ( by Pro 2.) | 


ABq. EDq :: AG x GBq. FGq. But (by 5. 


E. 2.) AG x GB = CBF Fhf, and Ch. = 


(FG) CEq—Dh x hBE..(bySubſtitution.) 
ABq. EDq:: CBq_Fhq.CEq_DhxbE, 
that is, ?*. C:: 4. . 1c. c + K.; which 


reduced to an Equation, produces cf y* = i* cx. 


% EY WO WO RB bf -Þ 
ABꝗ:: Dh x hE. Fhq. Q, E. DB. 


Definition. A third Proportional to the Con- 
jugate, and Tranſvefſe Axe, is a Parameter to 
the Conjugate Axe; that is p, being put forthe 


Parameter c. f:: t. p 7. cp. 


pROP. 


— 


« 


Parr H. Of the ELLIPSE + 


PROP. XI. 


As the Conjugate Axe, is to it's Parameter; 
ſo is the Rectangle of any two Abſciſſas 
of the Conjugate Axe, to the Square of * Or- 
* which divides them. 


DeMoNnsT. | 5 3 

For £ in the laſt SSP 777 it's 2 cp; I 
* 2 44 — 4 
PRO p. XII. : 


S the Square of any Ordinate of the Con- 4 
jugate, is to the Rectangle of the Abſciſ- 4 
1 jug itdivides; ſo is the Sum of the Squares A 
of the diſtance of the Foci, and the C onjugate | I 
Axe, to the Square of the Conjugate Axe. | Y 


bruoxs r. 


) By the on ——X* . r, and (hy 47. Fig. IV. 
ho + .*, 


I Eu. LE tr — by Subſtitution Jy. cx 

h ene; that is, bk Dh xbE:: 

1 KHq + EDq EDq. Q. E. D i 

q PROP. XI. 

0 R 
| N any Tangent to the Ellipſe, if, from the 

+ Þ*, point of Contact, an Ordingte be drawn to | 


«ty Axe, and the Tangent continued to cut the 
Axe produc'd; then it will hold, as the diſtance 
(ut the Axe) between the Center and Ordinate, 
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is to the Abſciſſa of that Ordinate; ſo is the re- 
mainder of the Axe, to (the diſtance between the 
Ordinate and interſection of the Tangent with 
the Axe. that is,) the dem Ti Cc G. 
GB: A G. GT. 


DEMONST, 


Let Fp be an indefinitely ſmall part of the 
Curve, and continued to cut the Axe produc'd 
in T; draw the Ordinate FG, and, Parallel to 
it, pq, draw alſo Fr Parallel to the Axe, and, 
for Fr, put u, pr, n, = BT, 4. then is Bq= 
& *, Aqr=t—X—, „ pd end GT 
=4 + x. but (by Similar s) pr. IF :: FG, 


GT. i. e. m. 1: : y. x ＋ 4 * =s + 2, 


and (by che 2d.) t. p: t 7 11 
2. „ ＋ 2% n + m. Alſo, p ta — 93 
et —pxt+ptun 2b = Tan 

and EY == H = N . pt x - PNs 

z p. _2tymz=-(ty=)ptx px*; or, pt 

— = — 

eee 77 — FT” * * 4 

(* 2 W K 2 WIL 8 

r ERC” 


* N ZT 2K 
(becauſeby bead. rx, * EY II 


r. x t. x. x Ta; or, CG. 
GB:: AG.GT.Q& E. I 
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Paar Hl. Of the ELLIPSE. '2 
PROP. XIV, 


A the diſtance from the Center to the Or- 
dinate drawn from the point of Contact, 
is to halfthe Tranſyerſe Axe; {ois half the Tranſ- 
verſe Axe, to the diſtance from the Center to 
the concurring of the Tangent with the Axe 
; i, g. CG. GB:: Wer. 


DE Moxs r. 5 
CT=C6G+GT; burOT=1t +2, 0G 


=3t—x, and (by che 25) C T 


| * — HA | 
Ef +4a= (= + Et IT char 
is, if x. 11 :: it, eren chen | 
CT. NY; E. D. | 4 


PROP, Xy. 


8 the diftance fromthe Center to the Or- 

2 dinate drawn from the point of. Contact, 
is to half the Tranſverſe; ſo is the Abſciſſa of 

that Ordinate, tothe External part ofthe Punt. 
rere that i is CG.CB:: GB. BT, 


2 
pruonsr. 
. ö . 
1 1 * ge : 6 
By the 14, WH Om b7 12144 
N a 
EX —X4 need; and, a 33 FE. er. 


1 of "PROP. 


30 Of the ELLIPSE, Paxr II. 
PROP. XVI. 

8 the diſtance from the Center to the Or- 

dinate drawn from the Point of Contact, 

is to half the Tranſverſe; ſo is the greater Ab- 


ſciſſa of that Ordinate, to the Tranſverſe Axe, 


added to the n part; that is, CG. CB 
3: AG. AT. 


DEMONST, 


Fig: V. T0 the 1598 = 2 — therefore 5 + a = 


27 K — . 
2 1. e. „: 
ME IE. 
AT 6, or, CG. CB: AG. AT. Q. E. D. 


5 þ 2 
b- Lo: F 3 ts + 
& A DE * oj 
- 1 
7 
ey oY Ad „ „„ r 
* 4 a” 
N ” my 1 7 * 8 w 4 2 Yi . = * 2 
3 F at. 1 * . 9 n 
dt « 4 


PRO p. XVI. 


S the greater Abſciſſa of the Ordinate drawn 
from the point of Contact, is to the Sum 


* rr 2 
L I C43 2 


— 


of the Tranſverſe and External part; ſo is the 0 
leſs Abſciſſa of that Ordinate, to the External 
part. that is, AG. AT :: GB. BT, 
ſ 
DEMONST, g 
By the „ N . If :: &. 4. and (by 16) » 


7 EY Ly TY . t+a, . (by Equality) 
„ 2 N. . 4; or, AG. AT :: GB. BT, 


PRO p. XVII. 


*. 


S the diſtance from the Center to the Con- 
curring of the Tangent, is to half the 
Tranſyerle; ; ſo is the External part, to 1 
a 


| w1ne 


© 


PART II. Of the ELLIPSE "on 


ſciſſaof the Ordinate fromthe point of Contact; ; 
that is, C T. CB:: BT. BG. 


DEMONST. 


*2 
L 217 4 4 —— 
By the 15. 174 x TK 2 1672 


and, 17 T4. 1: : 4.x; or, CT. CB: BT. BG. 
PROP. XIX. 


8 half the Tranſyerſe added to the Exter- 
nal part, is to the Tranſverſe added to the 

External part; ſo is the External part, to the 

Subtangent; that! is, CT. AT:: BT. GT. ̃ 


DEMONST. 
2 1 4 rt a 
By the 18. rf X40 CAS rom 
=) e and, if + a. t+8::4.x+4.0r, 
or. AT BT. Gr. L 


PROP. XX. 1 


A 8 the greater Abſciſſa of che Ordinate drawn Fig. V. 
from the Point of Contact, is to half the 
Tranſverſe; ſo is the Subtangent, to the Exter · 
A i. e. AG. CB: GT. ME. 


| 9 DENMONSF. 


I 
By the PI Hu. 


2 EN 214 ＋ er, 


SO 7 and, t = x4 T if; : X +4. 4. 


or, AG. CB:: GT. 57 2 E. D. . PROP. 
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Of the ELLIPSE. Pur fl. 
PROP. XXI. 

S the Tranſverſe added to the External 

part, is to half the Tranſverſe; ſo is the 


Subtangent, to the Abſciſſa. 5. e. AT. B. 
GT. GB. 


DEMONST, 


By the 18.17 + = ot +0 (48 4 


t+4a.it::x+84.x; of 
AT. ch.; GT. GB. 9. E. D. 


PROP. XXII. 


HE Ordinate drawn from the Point of 
Contact, divided by the Subtangent, is e- 

ual to the Ron of the diſtance between 
Center and that Ordinate divided by that 


212 fx KA 214 
Db and, 


Ordinate, Multiplied by the Parameter divided 


by the Tranſverſe Axe; that i is, G7 = * 2 


DzMonsr, 


By the 13. —— TEE x uF aj and 
(by the 2 d.) f. A : (Fan) Emma nx ata. 


rn „ü 


vide by x + a, pT ce 1 and again if 
you divide r. 2 0 = 


EY 
33 
. 2 ZE. 2. | PROP. 


9 


We 


Paxt II. Of the ELLIPSE, 


p R OP. XXIII. 


FF Petpendicular be drawn from the ends of Fr: vI 
the ranſverſe, and from the Center, ſo as to 8. 
cut any Tangent, and alſo if from the Point of 
Contact, be drawn an Ordinate, theſe four Lines 

mall be Proportional; that is, AO. C P:: GF. 


BQ. 


By the 19. TA. TC :: TG. TB. . (by 4 
Eu. 6.) AO. EP:: GF. BQ. 2E. D. 


CoROL. 
AO BO CPG. 
PROP. XXIV. 


K 


I. Perpendiculars be drawn from che extre- 
mities of the Tranſverſe, and cut any Tan- 
pot, then the Rectangle of theſe Per va 
ars ſhall be equal to the Rectangle of che great- 
eſt and leaſt diſtance of either of the Foci from 


the Vertices. i. e. AO * BQ = AH x HB 
= BK x KA. 


DEMONST. 
Let BQ n, AO =», and AK = HB 
=9; then (by Similar A'S). F : : (a. * + 42 
by 20) r. 1 -&; and, 1. : ee & T4: 


2 11 Hao 1 2 and 2, We 


E | (by 


34 of the ELLIPSE Par. II. 


I £2 2 
Rf *. nn. 1 


(by Multiplication,) 1 = 
FAC of fan XXX: by the 2d. Pp. ::) pf. 3t*s 

and n (Apt = by 3d.) F.-qx9.or, A0 
BQS AH, HBS BK KA. &. E. D. 


LEMMA. 


If, from the ends of the Chord AB, the Per- 
pendiculars AD, BC, be drawn to meet the 
Circle, then right Lines connecting A and C, 
B and D, ſhall be Diameters, and conſequently 
the Point of their Concourſe O, will be the 
Center of the Circle, through which if a right 
Line be drawn any how, it will make the Alter- - 
nate Segments of the Perpendiculars equal. 


Fig. VII 


DEMONST. 


By Hypotheſis the Angles A and B are right 

„ (by 31. E. z.) AC and BD are Diameters, 

and O, the Center; but A OPD is Similar to A 

OQB... OB. BQ:: OD. DP. but OB=OD 
.BQ=PD. & E. D. e e 


PROP, XXV. 


Fig. „from the Interſections (P, S) of a Circle 
VIII. IL whoſe Diameter is the Tranſverſe Axe with 
any Tangent, Perpendiculars P k, S h, be drawn, 
they ſhall cut the Tranſverſe Axe in the Focal 
Points; that is, the Points k, h Coincide with 


K, H. 


y 


DEMON. 


- ©: 
LAT. 


a. fed pk _80_17 


NM SO © ay moms 


Parr H. Of the ELLIPSE. 
Demonsr. 


The A's TB , ATO are Similar to the A's 


TSh, TP eac having à right Angle, and 
the Angle T, Common .. AO. P:: Sh. BQ 


and AG x B (PHS == b (24, qu 
dent Lemma P x kt; or, br x S y 35 
E. 3.) A x kB or BH X HA. but AO B 


Ak x KB or AHx HB, by thez 4. the Points 


H,h and K, & ate Coincident. 9. E. D. 


CoroL. 


PK NSH Apt; ; becauſe PKx SH=(AK 


KB STN = by the 3.) 47%. 
PROP. NM 
T* to any Point of the Curve right Lines be 


drawn from the Foci, arid one of the Lines 
be continued; then a right Line Biſecting the 


35 


2 


External Angle, ſhall couch the Curye | in the 


Angular point. 


DEMONST. 


Take FX — FH; then (ey by the e Hy- Fig. IX. 


8 L{XFET— 4ZTFH) u ak gay 
oint 8, in the Line FT; H Nh by 


Draw KS; then KS A (SX ) SH is e 


than (K X) AB, and . the point 8, is with- 


out the Curve, for if i it were in the Curve KS+ 
SH Oy the Geneſis =) AB. 


PROP. 


Of the E LLIPSE. Pam II. 


PROP. XXVII. 


INEs drawn from the Foci to the Point 
of Contact, make equal augen with the 
Tangent. 


DEMONST, 


By the 26. {HEFT= =(4XFT= ge, 
KFO. Q. E. D. 


PROP. XXVII. 


GWh K 1 81 — 8 
nl N ay ——- 
— — mm? ̃ ů IA G 5 1 * e D 
p ˖ ˖ — on 45 
na * * = 4 >" * 4 * wn 3 y —_— . 
F o * ts * > * * 5 A. * * 2 - "5 * A WS. 9 * 9 1 TS 0 3 88 * * "1-5 . * ».Y bY N os 
c F een 
R 5 * * bd ug * + 


Right Line Perpendicular to the Tangent at 

the point of Contact, Biſects the Angle 
form'd by Lines drawn from the Foci to the 
ſame Point. that is, if FV, be Percendicular to 
OT, then, FV HFV. 


Dzuons r. 
Fig. IX. The (P FVS = 4 YFT by Hypotheſis, from 


which if you take away the (KE PSM ZHFS 


by the 27. there remains LKEY = = YF H. 
9. E. B. 


PRO Pp. XXIX. 


F, on the Tangent at the Point of Contact, a 
Perpendicular be drawn, and cut the Axe, it 
will divide the diſtance between the Foci, in the 
ſame Proportion, as Lines drawn from the Foci 
to the ſame Point; 2. e. K F. FH:: KV. VH. 


DEMON. 


Par II. Of che E L'L IP S E. 


DE MoOox Sr. 


In the A K F H, the L[KEY=LYFH by the 


28 * the zd. F. 6.) KF. EH; : K. VII. 


PROP. XXX. 


T;; on the Tangent, at the Point of Contact, a 
Perpendicular be drawn, and if, from the Point, 
where 5 Perpendicular cuts che Axe, Lines 
be drawn Perpendicular, to Lines drawn from 
the Foci to the Point of Contact, then the dif- 
tance on theſe Lines, from the Point of Contact 
to the Perpendiculars, will be equal to half the 
Parameter of 0 Axe; that is F/ = Fr =: . 


-DEMONST. 


From the Points 85 P, where a Circle. on the Fig. IX. 


Tranſverſe cuts the Tangent, draw the Lines 
SH, PK to the Foci, which will be Perpendi- 
cular to PT, by 25. and conſequently Parallel 
to F; continue KF, HS, till they concurin 
X; then KX t, and HX — 2 HS: by 26. 
and becauſe A KFY i is Similar A KXH, and A 
KPF, Similar A YFq..KNX,XH::(KF.FY 
: ) KP. F; and KXxFq—XH xKP;and 


AK KF XR XX. that iS, x Fq= 


(SH KPS by 25) t.. Fe == p. bur 
(by 128) I VFq = V Fr, and by 26.E.1. ar 


pos tn e Io Q. E 


PROP, 


137 
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8 of theELLIPSE. Parl. 


PROP. XXXI. 


1 F Perpendiculars from the Vertices cut any 
1 Tangent, then the part of the Tangent inter- 
cepted between the Interſections, ſhall be the 
Diameter of a Circle, whoſe Circumference ſhall 
paſs through the Foci. 


DMoORs r. 


Fig. X. By the 24. AOxXBQ — AK X KB. AO. 
AK :: KB. BQ. but the Angles OAK, and 
QBK are right, .. by 6. E. 6. the A's OAK 
and BQK are Similar, and LAOK = ZQKB. 
But LAKO +LAOK==L,.. AKO+QKB 
T, and conſequently (by 13. Eu. 1.) LOKi 
—L, and (by 31. Eu. 3.) OQ is a Diameter o 
a Circle, whoſe Periphery will paſs through K. 
in like manner the 40 HQ is prov'd a right 
Angle. O. E. D. | 


Co Rol. 


If O Q be Biſected in N, then NO NQ 
NK NH. 


PR OP. XXXII. 


Fig. XI. I F, from either Focus, a right Line be drawn 
through the Point of Contact, and continu- 
ed till it be equal tothe Tranſverſe Axe, and the 
Extremity connected by a ſtreight Line to the 
other Focus; then the diſtance between the Cen- 
ter, and the Interſection of the laſt Line with 
the Tangent, is equal to half the Tranſverſe 
Axe; that is, CS—CB. * DEMON. 


w 


burn Of the ELLIPSE. 39 


DEMO Ns r. 


In the A's HCS and H KX, the [KHX is is 
common, and KC — CH, allo HS — SX by 
26. .. (by 6. E. 6.) the A's are Similar and CS 
is Parallel to KX; * Se Win 4 

=) CB. SZ. 2 


PROP. XXIII 


IF. from the Focus, a right Line be drawn to 
N the Point of Contact, and another thr h 
the Center Parallel to the Tangent, then t 
diſtance between the Point of Contact and the 
interſection of theſe Lines is equal to half the 

Tranſyerſe Axe. 


DEMONST. 


Draw C'S Parallel to K FH; tben is the Ligue 
ZCSF a Parallelogram, and Z F = = (C 


by 32) BC. & E. D. 
PROP. XXXIV. 


F to the Tangent drawn to the Vertex o 
Diameter, a fight Line be drawn Parallel, the, II 
par art of that Line which lies within the Curve 8 
| ſhall be Biſected by the Diameter; that is, x6 _ 
| = 62, alſo AVxp + ACVe = ABCS=A 
| 75 +A Cd: we 


DEMONS. 


Let . , dr 
= V= V, CV — == $5 Vo. 75855 


— 


| * 
Of the ELLIPSE PART H. 
Bd— x, and BV — X, then 1. (from Similar 


x) = 6 i) Jp . But 
Fig. XII. S = 2 x4; divideby 2 and 
— * ry Which Multiplied by cr gives 
tc = x 7 But y* 55 x by 


thezd. If c= I= x xx, and Ztcy +70 


2 x7—x * TT rx _xxx+1; 
and (by 5. E. 2.) TL K = 1 uch 


* ra" = Sri. Divide by 27, a 


5 | 
let by Similar a's le % 
p.. (by Subſtitution) cy er * DP 
Ma me Þ por BS xBC; that is, ABSC 
=A4dpz Car. 

2. * (5 = by 12 d) 
9 


288 3 
BER ; Þ OS 1 
. divide by 25 1.7 a * FL and 7 


Multiplying by 54% N g =gV* x 
But X. rern, 85VY * 


andghY +9 > Eg . but (bz 
. K ED 7 


7 * at's be; 87 N 


: | . 


= 


* 


ant H. Of the ELLIPSE. 


8.7 :: 1. 7 .. „ (by Subſtitution) 
bY +qg—r x it, that is, VpxVx+Vox 
CV=—=CBxBS, ora Vxp+ACVo= (ABCS 
== by the i ſt part) dh + A Car. | 

3. From both ſides of the laſt Equation take 
ApbC, and there remains Ab zr — and Simi- 
lar to A . & =S. Q E. D. 


PROP. XXXV. 


5 laſt, the ABSC — ACF* ; allo the Tra- 
pexium ABSYS 6 pdz; the Trapezinm 
wy ap —=Aabzr; and FT # bp x FDA 
* r. | 


DEMONST. 


From Similar A's BS. FG: : BC. G C:: by Fig. XIE. 


14.) CT. BC .. BS x BC=FGxCT, ora 
BSC = &CFT = (by Prop. 34.) Ad + 
&C&r ; From the 1ft. and 3d. Equ. take & CAr, 
and there remains the Trapegium dB SY] — A 
vd; Alſo, from the 2 d. and 3d. take the A 


pbC, and there remains the at eee 4 T 


Sr . (by. the Lemma to Prop. 11. of the 
Parabola) FT THF br. QE. D. 


Lk M M A. 


The ſame things being ſtill ſuppoſed, Vb uf xf 
T zb y br; For Ye (FC). bC 5 TI . 
bp, and by Compoſition Y C + bC. bC::FT 
+ bp. bp. and (by Alternation YC + be) 
Yb.FT+bp::(bC.bp::)nap—bF.nT ..Yb 


THE fame things being ſi os'd as in the 
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42. 


Of the ELLIPSE, Paxrtll. 


SLED ED. Fo by Lemma to 
Prop. 11. Part 1 x br. 
P. uten. If If (FS. FQ::) br. b „ 2. 


P, the Parameter GEN to the Diameter F I. 


2FT 
then P = bz x = EIN 25 


PROP. 0771 


A any Diameter is to it's Parameter (ſo ob- 
tained) ſo is the Rectangle of any Abſciſſas 
of that Diameter, to the Square of the Ordinate 
which divides them. that is, (if you put D, for 
the Diameter FV, x for the Abſciſſa F and y 


for the Ordinate bz — bx. then) D. P:: D<x 
K . 


DEMONST. 


By the Definition, P — =y * 17 therefore 


P * BP „* = (EE x Br* a 
OE: 7 1 


. 4 — — 
br . 


by Similar &'s) -— 5 555 — 2 — and,(bySubſtirurion) 
, Dx XxX (2 


Sg (r* D_xxTn=(bythe 
preceding Lemma) b. * „br ) *, and 


D. P:: N K. 4. & E. D. 


PROP. 


6 
1 


— 


Parr II. Of the ELLIPSE. 
PROP. XXXVIL 


| A Sar any Parameter is to it's Diameter, ſo is the 
| Square of it's Conjugate, to the Square of 
Ae; 1. 6 N VF: 1 9 POS | 


DzMonsr. 


In this Caſe x = *D, and y = C. by the 
WD. PP: e or P. YF: ; 
FYq. XDq. 


Cor ol. 


Hence any Conjugate Diameter is a mean Pro- 
portional between the Diameter to which it is 
Conjugate, and the Parameter of that Diameter, 
-yor by this Prop. DP'==C*.*.D.C::C. P. 


P R OP. XXXVIII. 


| F a Tangent cut any Diameter, and if, from 

I the Point of Contact, an Ordinate be drawn 
ro that Diameter, then as the diſtance between 
that Ordinate and Center is to the Abſciſſa; ſo 


Is the Diameter leſs by the Abſciſſa, to the Sub- 


tangent on the Diameter continued. that is, C F 
P F : VP. P / wy 


Druoxs r. 


Let G he an indefinitely ſmall part of the 
Curve, and continued till it cut the Diameter 
produced in T. Draw the Ordinate GP, and 
Pale to it Qo, and Gr, Parallel to the Diam- 
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Xull. 


Of the ELLIPSE. PART. II. 
eter FY. Put YF —D, FP x, GT = 1 
Gr = n, Qr n, and FT—a. then VP 1 
—=D—x, Yo-=D.X..-, MA = T4 F' 
Qo—»y + m, ST x. then (by Si- 


milar A's) m. 1 :: Y. a TK a+ * 2 


and (by 1 the 36.) D. P. Dx x*. . alſo D. P:: | 

De. DS - 222. +29 m+ HA. 

Dy <PDx—Þ x*,and Dy* + 2Dym—PD x 

P +PDs»z __2Pxz=.. PDx __Px*+PDs 4 
—2P X- 2Dy/ n (Dy i | 

and PD - 2Px# —= 2D ym, therefore  =— | 
2Dym Sh * 3 F 

PB 25 But a f 2 x= N 


2D ym I PRE. 4 6 1 
PDP — z PT * FF (e : 
cauſe by 36. 2 = Dx — x“; ©) Dx — & 
ek 2 — — 2, x* ; h . 
DD in = 2X =) E 7D 3 * at 


is, iD_z. :: . x+ 6, or, 1 
YP. P'T. 2 E. D. 


PROP. . 1 | 


F a Tangent interſect any DE from 
the Point of Contact, an Ordinate be drawn 
to that Diameter; As the Semi-Diameter leſs 
b the Abſciſſa, is to the Semi-Diameter; So is | 
e Semi-Diameter, to the Semi-Diameter ad- { 
ded to the External part of the Diameter pro- 1 


duced to the Interſection of the F „ | 
CPC: LKI. CT; | 


DEM ox. N [ 


** 


pT, (by the laſt is) = ==: abCY= 


15 — 
CP. 


Part H. Of the ELLIPS E, 
DEMONST. 


CP+PT—CT. But CPS Dx, and 


1D. e 2 — K* ES 


—, and{D—x. D 3 . 2D a; or, 
CF :: CF. CT. 9. E. D. 


" . PRQV. XL, | | 


HE fame thi being ſuppos Sd as in the 
laſt, it will 2 the Semi- Diameter leſs 
by the Abſciſſa, is to the Semi- Diameter; ſo is 
the Abſciſſa, to the External part of the Diame- 


ter produc d to the interſection of the Tangent. 
i. e. CP. C 1 : PF. FT. 


DEMONST. 


By the 39. W Da.. D. =D. 
| i: Dx 


+ 94. Dex xa, and a =. that 


is, 3D — . D: : *. 4. ar, CH. GB-; EE. EN 
PROP. XLI. 


on * 


8 the Semi · Diameter leſs by the Abſciſſa is 

to the Semi- Diameter, ſo is the Diameter 

leſs by: the Abſciſſa; to the Diameter added to 

the External part of the Diameter produced to 

the Tangent. i. e. CP. CF::YP. VT. 
„ = Demon. . 


— * 


jp 


FT 
/ 


Fig. 
XIII. 


17 


Of the ELLIPSE. Paarl. 


DEMO NST. 
:Dx 
WA. 75 D ＋ a= ( Dr 


Dx = Eg : 
75— =)= —3 K. e. D ;; 


Dx. D+4,or, eb CF::YP. V. Q.E.D. 
PROP. XIII. 


S the Diameter leſs by the Abſciſſa, is to 

the Diameter added to the External oo 
ſo is the Abſciſſa, to the External the 
Diameter produc'd to the Tangent; that is, VP. 
AFIcPE- VL. 


DEMONST. 


Buy the 40, Dx. D:: x. a; and (by the 41.) 
2D x. D:: Dx. DT (by Eq ym) 
Dx. anne or, VP. YT: PF. F 


PROP. XLIII. 


. S the Semi-Diameter added to the Exter- 
part, is to the Semi-Diameter ; ſo is the 


External part, to the Abſciſſa; i. e. CT. CF: 
F. 22, 


DERMO s 1. 
3 I :Ds 
| By the 40, Da -x D AP. 
that is, D 4. D:: 4. x. or, CT. CF: : TE. 


PF. 
PROP. 


pur II. Of the ELLIPSE, 
PROP. XLIV. 


A the Semi-Diameter added to the External 
. — is to the Diameter added to the ex- 
; ſo is the External part, to the Sub- 

nge i. e. CT. VT: ET. I. 


DEMONST. 


| 1 


By the 43. & =7 e therefore x+a= 


2D 4 Dark ; 
(; D737 Jaz Tha; thatis, D. D 


| a 2+ 6,05,CT.YT-:FT.PT.Q.ED. 
| PROP. XLV. 


S the Semi-Diameter added to the External 
| part, is to the Semi-Diameter; ſo is the 
. Diameter added to the External part, to the Pi- 
ameter leſs by the Abſciſſa. that i is, CT. CF: 
VF. VP. 


| '  Dxwmonsr. 


By the 41. 1D x. 1D :: Dx. D 4, and 
(by the 39.) 5. 1 D.! 2D T2. . iD 
＋ 4. 1D: bea Dx; or, CT. CF::: VF. 
YP. E. D. 1 


N PROP. XLVI. 10 05 


8 the W leſs by the Abſeiſſa, is to Fig. 
the Semi- Diameter, ſo is the 1 XIII. 

to the External part of the Diameter produced N 

ro the en that is, YP. CF:: PT. FT. 

| Demonsr. 
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made by the other Ordinate; that is, A G. CH 


Of the ELLIPSE Pxr II. 


. DEMONs r. * 

| Bythe 40. 1. — * =! Dx, 52D ow ; 7 
= 2 ; and D = ( == * | N 
Do+!De chat is, D x. 2D: eee 1 
TP. CF :: PT. FT. & E. D. . 5 0 
[PHOS, M 


$ the Diameter added te ie External party = U. 

is to the Semi- Diameter; ſo is the Subtan- 7 
gent, to the Abſciſſa. i. e. YT. CF: : PT. PF. 
D xt 0 NS r. \ t 


By the 40. 1D 5= {Dx + x4, therefore D/ | 


I, that is, D + a. 5 "TY XxX, 
or YT.CF:: PT. PF. K. E. D. 


P R O P. XLVIn. 


TE, from the Extremities iof two Canjuga 

Diameters, Ordinates be drawn to the — 
then the diſtance on the Axe between the Cen- 
ter and one of theſe Ordinates, is a mean pro- 
portional between the Segments of the Axe 


:: CH. GB; or, AH. CG::CG.HB. 
Daunen 


paar II. Of the ELLIPSE 49 
DEMONST. 


Li W the Tangent FT, which will benen 
lel to Cb by the 34. And let BC r, CH— Fig. 
| 4&4 GT, and CG x, then GB, XIV. 
aud Ac rx; e Dingerd and 2a. E.6.) 


STA. CHq::(FGq y 1.) AG 

U GB. AH x HB. But (b 4885 1 
„ Seas es aid K 115 86461 4 
CH; ..GTq. CHq:: CBq—CGq. CBq - 


CH; that is, . :: . fe. Bur 
(by the 13.) CG. GB:: AG. GT; that is, x 


3 3 and f==>. * 


——.— Mc RB 
2 e e 72 


\ 2 x* :: . 4, and if you divide the two 
| firſt Terms by N — ER „ 


40 : 9 = of? 1 
; 1 "— eee = 
and by rn (A ) 4 
„ and if you Multiply the two laſt b 
nas dy 3; FP. 8 * 9. * 2 +» * * — by | F 


and t T v. 4:1 4. t—x; or, AG. CH:: CH. 


GB. In like manner we may prove that AH. 
db CG. HB. 


adds | a 


Hence it is eaſie doch a Conjugate Diame- 
ter, without drawing a Tangent. For, if you 
produce the Ordinate FG, to I in the Circum- | 
_ ference of a Circle on the Tranſverſe Aue, and 


CH. then from H, draw the Or- 
G dinate 


- 


50 


Fig. 
XV. 


4. HDq —- 


Of che ELLIPSE, Parr. Il. 


dinate HD, and laſtly from the point D, through 
the Center draw DC &, and it will be the Con- 
jugafe Diameter required. Me ek 


CO ROL. II. 


The Sum of the Squares of any two Diame- 
ters, as (DX and FI) is equal to the Sum 
of the Squares of theTranſuerſe and Conjugate 
_—_— 2 


For if 4. be put for CG, then (by Prop. 1.) 


. :: (AH x HB by this Prop. CGq ) 


64. 
n * 
= (AG & GBS H) - 4; .. (by 47. E. 1.) 


CDꝗ 2 1 —& + 5 ; alſo ( by Prop. 1.) 


EO: (AGxGB=);jf_&. GF 


LA . CFq g T „ Eubence, CDq 


1 CF Ii. 
p RO p. XLIX. 


I any Ordinate to the Axe, as G F be produ- 


ced to the Periphery of a Circle on the Tranſ- 


verſe Axe as to I, and if from the points F and I, 
Tangents be drawn to the Reſpective Curves, 


they will both interſect the Axe produced in 
one and the ſame point T. 


DEMONST. 


| Draw the Radius CI, and pur BG x, AB 


=, BT==a, and GI == . then, TGxGC 


=(Glq=) GBxGA; that is, 4+ X x $f... 


5 and (by this Prop.) CH 


— 


9 
JS 


— 


par II. Of the ELLIPSE. 


—=(F=) xxXt_—x.. tx=ita—d4x, or 


if . 1 :: x. a. But in (the Ellipſe, by the 15. 
F.. F:: x. a. In both Curves the three fir 


Terms are the ſame, therefore the fourth Term, 


vi z. a, B T, is the ſame; and conſequently 
the point T, is that wherein both Tangents 
will interſect. Q, E. D. ned” 


Cc OR OL. I. 


Hence * in the Curve being given, 
we have an eaſie Method of drawing a Tangent 

to touch that point; for, if, from the given 
point F, you draw the Ordinate F G, and pro- 
duce it to the Periphery of the Circumſcribing 
Circle in the point I, and draw a Tangent touch- 
ing the Circle in that point as I T, then the point 
T, where that Tangent cuts the Axe produced, 


is the point, to which if, from the given e 
! 


in the Ellipſe (v:z. F) you draw a right Line, 
it will be a Tangent. 


Cool. II. 


Hence alſo if, from a point T, given in the 
Axe produced, it be required to draw a Tangent 
to the Ellipſe, tis eaſily done. For if, on CT, 
you deſcribe the Semi- Circle CI T, and obſerve 
its interſection I, with the Circle deſcribed on 
the Tranſverſe Axe; then if BZ be made equal 
to BI, and IZ, be drawn, and if, from the point 


F, where that Line cuts the Curve, the ſtreight 


Line TF be drawn, it will touch the Curve in 
the point F. 


Scholium. From this Propoſition it is evident, 


that all the Properties of Tangents which _ 
- | | 9 


52 


to that point in the Tangent, 


Of the ELLIPSE. Parr II. 


been Demonſtrated in the Elli 3 from Prop. 13. 


to Prop. 21. incluſively, ho id good oh in the 
Circle. | 


PROP. L. Problem. 


; F abeerd any given wins as T, any where 


without the Ellipſe to draw a Tangent. 
Conſtruction. Fromtheg given point T.zhrough 
the Center draw the right Line TFCY; and, 
to the Diameter VF (by Coroll. to Prop. 48) 
draw the Conjugate Diameter DX, then at plea- 


ſure make the Angle Y IS, and on T8, ſet TR 


— TC and SR CF; join RF, and, Parallel 
to it, draw SP; Laſtly, chrough P, and, Paral- 
lel to the Conjugate Diameter, draw G N; then, 
if, from the point T, to G or N right Lines be 
drawn, they will touch the Elliple in _— 
points. 


DEMONST., 


By Conſtruction and 2. Eu. 6. TR. RS 
TF. FP. But TR — TC and RS CFT 


TC. CF ::FT. FP, , and (by Prop. 43.) TG. 
or TN are Tangents. 


PROP. LI. 


8. E © any Ordinate to the Axe (as V x) be con- 


tinued to a ge (N, ) in the Focal Tangent 

(TO) thent ſtance: (V * from the Axe 

all be equal to 

(K x) the diſtance from the Focus to the re- 
mity of that Ordinate. ; 


bon. 


DW” LE I's 7 


| that i i 2 2 LES VT. But (by Si- 


Paxr II. Of the ELLIPSE. 53 


Put CK=b, BC= U CV ra, then AK Fig. 
Sy or ogg among 6, VK—6+d4 BY== XVII. 
c+P, and AV=eF a, and K being the Focus, /d 


(by the 4.) KL will be half the Parameter of 
the Axe: "and (iy the 3d.) CB. AK :: KB.KL 


„„ 


or c. ＋ 6: . _—KL= if3 Alſo 


CK. CB:: CB. CT, orb. TE = CT, 
by the 14 But CT-CKmz KT; that is, 5 
iP Hen rhe 1g 


milar A's) KT. KL :: Vr. VN, os PO 
Ee—# c+bd 2 LOI 

ns, 

2. By the 24. CB. KL:: AV x VB. vg 
— 4. 2 — 


. „ 
9833 1 


Or, * 


=Vxq;adVKq—F A dg due VK g 
ann Rae 5 rh 
pon of and (by extracting the Square Root,) "2 
* 2 Kx —= — (by che firſt Part ) VN. | | 5 3 


Cox. 


Of the ELLIPSE. PRI II. 
CoR ol. 


The Conjugate Axe continued from the Cen- 
ter to the Focal Tangent, is equal to the Semi- 
Tranſverſe Axe. i. e. CZ— (KEZ) CB. 


PROP. III. 


F Perpendiculars be drawn from the Vertices 

to the Focal Tangent, then theſe Perpendi- 
culars ſhall be equal to the diſtance, (in the Axe) 
from each Vertex to it's adjacent Focus ref; 
tively; that is. 402 = AK, and BQ=BK. 


DRMO RST. , 


By the 24. AO xB 8 KB. 40 
KA:: BK. 8. "nas AK. by 51 - KB 
=BQ. &, E 


PROP. LIII. 


F, from —_ point of Contact of the focal 
Tan a right Line be drawn to the Ver- 
tex, an — Ordinate be produced to the Tan- 
gent and cut that Line, then the diſtance be- 
tween the Tangent and interſection of theſe 
Lines, is equal to the diſtance (in the Axe) 


from the Focus to the Application of the Ordi- 
—_ i. e. DN RV. 


Druonsr. 


The ALDN is Similar to A LOA. OA. 
DN:: (LO. LN::) K A. K V. But by 51. AO 
AK. DNS KV. E. D. PROP. 


8 


| 


| 


5 1 * from any point (P,) of the Conjugate Axe 
a 


quently *= (ie. | pp : 


to the Conjugate, ſo is any Ordinate in the Cir- 
that is, AB. DE:: 99. vr. 


1 
1 


Parr II. Of the ELLIPSE, 
| PROP. LIV. 


right Line PO, equal to the difference of 101. 

the Semi- Tranſverſe and Semi- Conjugate, be a- 

plied to the Tranſverſe Axe, and from thence 

continued, ſo that the External part O F, be e- 

ual to the Semi-Conjugate Axe, then, I ſay, 

the Extremity F, ofthat Line ſhall be in the Curve 
of the Elliple,  —- 1 


DEMON sr. 


Put CO, OG=d, CG=(b+d4—)x; 
and the other Symbols as uſual; then PO Af 
— ic, and OF c. Then (from Similar A's,) 
6. d:: tc. ; e, and (by Compoſition) (6 + 
A ) x. d:: it ic .. . d:: 1 F. 30, and 
en 6 1 
r (d*= by 47. E. 1.) 10. %, conſe- 


— 1 F100 
. 


IB, 40 : f T 1 . . or ACq. EDq 
: AG x GB. GFq. Q. E. D. 


© 25} "ROK: Dos 1-45 53465 
F a Circle be drawn on the Tranſverſe Axe of Fix. 
che Ellipſe, and Ordinates be drawn to both XIX. 
Curves; it will be, as the Tranſverſe Axe is 


cle, to it's correſponding Grdinate in the Ellipſe. 


DEMONST. 


—_—_— 


Fe” Kee £5 
** 


356 Ofthe ELLIPSE Paar II. 
Duos r. 


25 ABq. DE:: (As xsB=by 35. E. 
3.) F. rf. AB. D575. gr. L. E. D. 


P RO P. LI. 
| She Tranſverſe Axe is to the Conjugate 


Axe; ſo isthe Area of 3 
=> Axe, to the Area of the 1 
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benen r 


In the Demonſtrations let oz, be 
the Circle onthe Tranſverſe, oc, the Circle on 
the Conjugate, O the Ellipſe, and oy ts the 
Circle whoſe Diameter i . Root of : 
he ( by 12. E. 5. all 

the 55. F. c:: 79. fr: 12. | 
che 79 $. all the ar 's) 95 O. WED D. oF j 


PROP. LVE. 


HE Arca of evary Ellipſe is 3 to the 
Area of a Circle, very une Diameter is the - 


Square Root of the Tranſverſe Axe into the 
Conjugate. 


Drmonsr, 


By ie 66. ot. O:: (t. c:: f. ger. 
6.) St. te.. O * 2 E. D 


6. 


Pwr 41; Of the ELLIPSE 57 
| Conor. 


Ot. :: O. te; that i is, as circles are to the 
Squares of their Diameters, ſo are Ellipſes to 
the Rectangles under their Tranſyverſe and Con- 

jugate Axes. 


PROP. LVII. 
DVERY Ellipſe is a mean Prop rider be- "5 


tween the Circle on it's Tranfverſe and the 
Circle on it's Conjugate Axe. 


DEMO NS r. 
By 56. O. O:: (t. e 1 fe. NS 2. E. EN: 
©YFc.oc::by 57.) O. oc. 1 
"PROP. Lx. 
LLIPSES are to each other in a Ratio . 
compounded of the Subduplicate Ratio of | 


their Parameters, and Seſquiplicate Ratio of their 
Tranſverſe Axes directly. 
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DEXORSE 


By 4 17 — ande . 
E. e:: (TC. oe * 12. TO. fe 


:: becauſe = tp) TX PI. rf xp O: E. D. 
-PROP. LX. 


Arallelograms drawn with their des Pace of 
. lelto the Conjugate Diameters, and Circum- * ; 
{cribing the ä are equal. jo. 


H DEMON. 


Of the ELLIPSE. Pax II. ; 
DEMONST. 


On the Tranſverſe Axe deſcribe the Circle 
ND; continue the Ordinate through the point 
of Contact to I; draw the Ordinate MX, and 
Cd Perpendicular tothe Tangent; then, I ſay, 
Cd x CM —= Cx x Ck. or, if, for GI 
(by 48.) CX we put b, CM —= 4, CM — 5570 
Cd = p, GF = 5, Cx = and CE= 
then, ö 

be 


By Prop. oe $ +: c. 1. y= . 


and (by the 39) —_ =. E433, 4 by Simi- 


lar A's 6.D :: p. 1 — , or, ct. 
Dp. i. e. CdxCM=CxxCk. 2. E. D. 


PRO P. LXI. 


S the diſtance between the Foci, is to the 

Tranſverſe Axe, ſo is the diſtance between 
1 Focus and the Vertex; to the diſtance be- 
tween the Vertex and interſection of the Focal 


r with the Axe 3 i. e. KH. AB 
Bk. BT. 


DEMONST. 
By the 17. AK. BK :: AT. BT... AK — 
(BK) AH. BK. AT- BT. BT; that is, 
HK. BK.. AB. BT. Q E. D. 


* 


Pant, of the ELLIPSE _” 


. PROP. XI 


e 
F Few 


e 


de Lind be drawn from the Focus to a- 
2 of the Curve, and, from that point, 
n || co the Axe, and continued ro 
which cutsthe Axe produced 
Ache intofinrerſetionof the Focal Tangent; 
then theſe two Lines are in a conſtant Ratio, Fig: 


vig. as the diſtance between the Foci is to the mach 
Tranſverſe Axe. i. e. K E. E:: KH. AB. 


DEMONST. 


By Prop. 51. CS KE and by 52. 5 = 
BK; but (from Similar A's Ce. CF ::BQ. 
BT; that is, K E. Ex:: (BK. BT: : by the 
61.) HK. AB. Q, E. D. 


P R O P. LXIII. 


"H E Focal diſtance of any point in the 
| Curve, is to a Perpendicular let fall from 
that Focus to the Tangent of the ſaid 22 ar 
the Semi- Conjugate Diameter ; Fo the 
Conjugate Axis. 


ky 


DEMoONST. 


The Triangles FHI, FKLare Similar. HF. Fig. - 
FK : Hl. LK, hat is, HF +FK. HI+ LK WMI 
: BC. CO: FH. HI :: BC x CD. COxCD; 
bur (by Prop. 60.) OCx CD=BCXCK, -: 7 
FH. HI: BCD. BC E:: CD. CE. Q, E. i 


Comic 
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Conic Sections. 
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Of the HY ERB OL A. 


The GENESIS. 


— — 


Fig. 1. | , upon a Plane any ſtreight 

" — Line AB be taken, and, ih 
27 that Line continued both 

ways BK be— AH, and the 

point G, taken any where 
in that Line (without H and 
) and then if with the Ra- 
dius AG from the point H, 
as a Center, you deſcribe an Arc, and, with the 
Radius B G, from the Center K, you interſect 
the former Arc at F; and then if from the points 
H, and K, you draw the Lines HF and FK, 1 
ſay HF FK AB. 
4 3 
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Paxr Ill. Of the HYPERBOLA, 1 


For, by Conſtruction, HF = (AG—=) AB 
BG; and FK BG. HF _FK —=(AB+ 
EBG._BG=) AB. in like manner, an indefi- 

| | irs Number of Points may be found; and the 
Curve Line drawn through them is called an 
HyrERBOLA. 
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TE I. 


1. The points H, and K, are called the Focus Fig. I. 
points. 

2. A Diameter of the Hyperbola is a right! Fig. II. 
Line which paſles * C, the middle of AB, 
and being produced Biſects the part within the 
Curve ofa Parallelsto the Tangent at the Ver- 
tex of the Curve, and the Lines ſo Biſected are 
called Ordinates to that Diameter. Thus, F is 
a Diameter, 76, b E, are Ordinates being Paral- 
lel to the Tangent F T, which touches the Curve 
in F, the Vertex of the Diameter. | | 

3. The point of Concourſe of all che Diame- 
ters (as C) is called the Center. | 

4. That produced Diameter to which the Or- 
dinates ſtand at right Angles (as AB) is called 
the Axe. 

5. The common Interſection of the Diame- 
ter produc'd and the Ordinate (as G, or 6, ) is 
called the point of Application. 

6. That part of the Diameter produced, which 
is Intercepted between the Vertex and point of 
8 is called the Abſciſſa, as BG or 


8 
2 1 


— — 
een 


PS... 3 a >. ” 

W 

r I 3s n 
— —ů — 


f 
> i . 
ry 4 %- p=Y _—__ 2 
G 4 
EY aun 28 5 
A . . F⁹Qãůmgnf . 2. 
4—»„—  - . 42 


7 8 Tt, 7 9 © I . % a 
» Fes - A OW * — * 
£ 8 3 L N 
: * eh F i 7 nl 1 3 Sy 15 N 
— -. 3 s Ta. # * e 
— P r 
2 3, Cor! 8 T3. W 
> - J . 
Sa Sd Es EI rs tes. A 


7. If, on (B) the Vertex of the Axe, aPer- 
adicular to the Axe be drawn and continued 
th ways, and then if, from the Center C, 
with the — CK, you Interſect that Per- 
4 pendicular 
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Of the HYPERBOLA. Pax III. 


pendicular in the points D and E, right- Lines 
paſſing 8 points CE, CD, ve called 


Fig. Ul, 


Aſymptotes; and the Perpendicular in 


between them (as ED, ) is call'd the Conjugate 


Axe. 
PRO P. I. 
F, the Square of the Tranſverſe Axe, is to 
Square of the Conjugate Axe; ſo is 


the Neäangle of the Tranſverſe added to the 
Abſciſſa, into the Abſciſſa, to Is Square of the 


Ordinate applied to that Abſciſſa; that is, . 
. BGN AG. 8 4 


DEWONST: 


Put ac . e FA 3 x, CK — 
CH—56, GF —y; then GK * 6, and 
KH=26, ee Fagan then (by the Ge- 
neſs) FH=7+s, and AEq+ACq=(CEq 
=) CKq; that is, * PF bi by 47. 
and (by 12. and 13. E. 2. 0 HFq — Chat 
FKq+2KHxGK; 2 P Fat g+ 2 = 
2 +46+46x 46 . = EXE and 
by Squaring both f "Op 16 Ax. _ 8 
=(#=) N 2b +; which being 


clear d of Fractions and contradictory Terms, 
will become 16 {x* + # — 4ify* + AHK + 


4; and if, for 164* and 44 in this Equation, 


we ſubſtitute their reſpective values in the firſt, 

and throw away contradictory Terms, and di- 

vide by 4, we ſhall have .* = O#* _; 5 
W 


AR 


e 


Par III. Of the HYPER BOLA. 
which reduced to an Analogy, gives .'. & :: 
x TIN CE or, ABq.DEq:: BGxAG. 
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FGq. 8 2 
Conor. 5 
Les the Taafrerſe and Conz e Anes be 
repreſented by t, ande, any Abſciſſa and id s Ox- 


N x, and y, then by this Theorem . 

FTT N. *.. HY === ftx+ 6 x*, which is 
the Equation cb the Curye. 

Definition. A third Proportional to the Tranſ- 
verſe and Conjugate Axe; is called the Param- 
eter of the Axe, that is if p, be put for the Pa- 
rameter, f. :: c. .. t Pp 


PROP. Bt. 


bs 


S the Tranſverſe Axe, is to the Parameter 
of the Axe, ſo is the Tranſverſe added to 
any Abſciſſa, into that Abſciſſa, to the Square 
of the Ordinate apply'd to that Abſciſſa. that is, 
F. 825 rt FT N &. . | 


% 
DRMON ST. 


By the Conſtruction of the Parameter, #Þ— 
6; and if, in the Equation of the Curve, we 
ſubſtirur t p, for cc, we ſhall have TC p 

pr (which is the Equation of the Curve in 


5 Terms of the Parameter): which being re- 


1 U 


Co R. 


64 Ofthe HYPERBOLA, Paar Ill. 


COR Ol. 


As the Rectangle of the Tranſverſe added to 
any Abſciſſa into that Abſciſſa, is to the Square 
of the Ordinate applied to that Abſciſſa; ſo is 
the Rectangle of the Tranſverſe added to any 
other Abſciſſa into that Abſciſſa, to the Square 


of the Ordinate apply d to that Abſciſſa; For 


(by this Prop.) FT XK *. *:: (F. p ::) FN 
N. . 


PROP. III. 


As half the Trankverſs Axe, is to the Sum of 
the Tranſverſe and Focal diſtance, ſo is the 
Focal diſtance, to half the Parameter of the Axe. 


that is, (by putting 7 for the Focal diſtance) 
2. 7 7: 7. 2 P. | 


DEMONST. 


CK(=CE)_AC—AK,thatis, Vr +5c* 

—3f=9; but (by the2d.) 1c“ t, 
Virt Hp — and tp =tq+9. i. e. 
it. 79:9. 17. Q E. B. 


PROP. IV. 
H E Parameter ofthe Axe is equal to double 


the 1 paſſing through the Focus; 
chat is, (if y, be put for the Ordinate 


through the Focus) = p, or p ==. 


DEMON. 
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DEMONST. 


Buy the 2 d. (if you put 9, for the Focal di- 
ſtance) t. P FT and (by the 3d.) 
f+4q x q=3ztP -*. (by Subſtitution) z. :: It p. 
(unde. & E. D. 


pP RO P. v. 


| S the Sum of the Tranfverſe Axe and it's 
Parameter, is to the diftance between the 

Foci, ſo is the diſtance between the Foti, to 

the Tranſverſe Axe. | 


| DEMONs r. 


Put K H-, eben k b—(:K H=CK—CE) 

te; and WARE: or *—t* +>; 

But (by Prop. 2d.) f C. & = p. that 
is, 1 ＋ p. G:: l. t. & E. D. 4 

PROP. VE 

'A Fourth th Proportional to the Conjugate Axe; 

Tranſverſe Axe, and any Ordinate, is a 

mean Proportional between the Tranſyerſe ad- 


ded to the Abſciſſa, and the Abſciſſa of that Or- 
dinate. ; 


PEMoONs r. 
Let the fourth Proportional be b; then, c. : | 2 
1 12. by and = —= 6, But (by. Prop. 1.) f.. c _ 
I > 73 


= 
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„ FT NK. N. or f. c:: /t+x x. , there 


fore V T = (2=) b. 9. E. D. 


PROP. VII. 


S the Square of any Ordinate, is to the 

Rectangle of the Tranſverſe added to the 
Abſciſſa into the Abſciſſa; ſo is the Square of 
the Conjugate Axe, to the Square of the Conju- 


| gate Axe ſubducted from the Square of the di- 


ance of the Foci. 


DE MONST. 


Let the diſtance between the Foci be b, then 


* H=, and .= =. But (by the 1.) 


. Nur:, (f=) E.G, E. . 


PROP. VIII. 


S the Square of any Ordinate, is to the 
Rectangle of the Parameter of the Axe in- 


to the Abſciſſa; ſo is the Square of the Conju- 
gate Axe added to the ſame Rectangle, to the 
Square of the Conjugate Axe. i. e. . px: : c 


+ 


TSX. <a, 
D EMONST. 


By the Equation of the Curve if = 6 #x + 
*; and (by the 2) 7 = .. (by Subſtitu- 


tion and Expunging,) c N . that 
is, V. pæ 1 l 6. N. # B. 


PROP. 
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PROP. IX. 


As the diſtance from the Center to the Or- 
dinate drawn from the point of Contact of 
any Tangent, is to the Abſciſſa of that Ordi- 
nate, ſo is the Sum of the Tranſverſe and Ab- 
ſeiſſa, to the Subtangent. that is, CG. AG:: pig. Iv. 
BG. GT. 1 Ps £ 


9 


DEMONs r. 


Suppoſe Fp, an indefinitely ſmall part of the 


Curve, and produc'd ſo as to cut the AxeinT; oo I 
draw the Ordinate FG, and Parallel to it, ; = 
draw Fr Parallel to the Axe, and put AT — 3 
a, Fr=qG=», and rp nm. then GTS 4 I 
+x, * = FTT, Aq —x+n, andfq= I 
y+m. But pr. 7 F:: FG. GT; that is, m.2n:: 2 
y.x+8 . u 55 — x.+a, and (by Prop. 2d.) 1 1 
t. p:: Tx x x+#.y+mxy+m; alſo t. 7 4 
: TX x. V. whence (from the 1ſt. Analogy ) 7 


ptx+ptn+patilpaxn__2tym=(f= 
from the 2d. Analogy) pix + pxt *. fu + 


|  2tym | Y 
— and a But a - 
2Þxu—2tym; and! 57 T2 12 + x 4 
| 2 Tym Fn i 
nx therefore a = 5 . f 85 _ 
* ö 2 
"SSP ry 2 2 2 
— —== X— —=EX+ X*X——— 
pr+iapx—p t+2x f ＋ 2 * 
2tx+2 x* tx Tx W / 
— = -; that is, r . *:: 
 t+2x TTT s ; 


Tx. a x. or CG. AG:: BG. GT. Q E. D. 
AN wg PROP. 


= . 
N — ——U— — — — * 
_— — ES 
— —— 1 _—_—_—— — * | = = — 
T bi * - * T * » 
* q 1 * PIO —_— * ä by : 22 ol 
+ 8 a \ P * 
W 3 e » * * 
WN * 
* F * 
4 
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PROP, X. 


of the Ordinate fromthe point of Contact, 


is to half the Tranſverſe Axe, ſo is half the Tranſ- 
verſe Axe, to the diſtance (in the Axe produc'd) 


from the Center to the Interſection the Tan- 


gent. chat is, CG. CA:: CA. CT. 


DEMONST. 


— 


CT=CG_GT. But CT I-, CG 


ö £x + &* 
i Tx; and (by the Laſt) r it+x 

fx + x* Ty 
ta- ( === 


8 . If, If —@, or CG. CA: : CA. . 
2, E. D. 


PROP. XI. 


A S half the Tranſverſe added to the Abſciſſa 

of the Ordinate drawn from the point of 
ontact, is to half the Tranſverſe Axe; to is the 
Abſciſſa, to the diſtance from the Vertex to the 


Interſection of the Tangent; that is, CG. AC 


AG. AT. 


DEMONST. 


= the laſt, 17 2 - — therefore a= 


IEF ® 
EE - and: ax ity, 4;or, CG. AC:: 
A. Ar. N E. B. ' PROP. 


* 


5 half the Tranſyerſe added to the Abſeiſſa 


- == 
1 — 
5 
— _ 
1 ® 2 
. — — * 4 

0% me 

4 

& = 

” 


210 i 


4; or, CG. CA:: BG. BT. 2 E. Y. 
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PROP. XII. | 


S half the Tranſverſe added to the Abſciſſa 
of the Ordinate from chepoint of Contact, 


is to half the Tranſverſe; ſo is the Tranſverſe Fig. IV, i 1 
added to the Abſciſſa, to the Tranſverle leſs by” '2 
the External part; that is, CG. CA ::BG.BT. 4 

DEMaANST. q 

By the 11 a= ot] t 22 7 | 
y „ — _ It * 7 7 82 — — — 5 

4 K* 2 Ia +:ifx | 1 
T=) A d K. Ib r+x, — 


PRO P. XIII. 


S the Tranſverſe added to the Abſciſfa of 

the Ordinate from the point of Contact, 
is to the Tranſverſe leſs by the External part; 
ſo is the Abſciſſa, to the External part. that is, 


BG. BT: GA. AT. 
DEMONST. 


By the 11. 17 T x. 57 x, 4. and (by the 12.) 
de x. If ::f+x.f —@. (by Equality) T x. 
4: : x. a; or, BG. 571 AG. AT. 2. E. D. 


 EROT MF, © 5? 


s half the Tranſverſe leſs by the Eternal 
part, is to half the Tranſverſe; {6 is the 
External part, to the Abſeiſſh of the Ordinate 
from 


— — — _— 
: — „„ i 
digg es Wo — a 6 0 * 
4 . * Wo % — L * 2 
3 * „ 7 * a) 2 * 
＋ \ 1 as FF 
"oh = - 
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from the point of Contact; that is, CT. CA 


:; AT. AG. 
DEMONST. : 
By the 11 th. a= - ; whence x 
z7 ＋ * 


2 
1— and 17. 1 f:: a. x; or, CT. CA 


i: T A. AG. Q E. D. 
PROP. XV. 


A half the Tranſverſe leſs by the External 

t, is to the Tranſverſe leſs by the Ex- 
racial wee; ſo is the External part, to the Ab- 
ſcifſa of the Ordinate from the point of Contact 
added to the External part. that is, CT.BT:: 
AT.GT. 


DEMONST. 


3 
12 e and . EA Fi 
va; or, CT. BT :: AT, GT. Rwy >: 


PROP. XVI. 


S the Tranſverſe Axe added to the Abſciſſa 
of the Ordinate from the point of Contact, 
is to half the Tranſverſe Axe; ſo is the 

ſame Abſciſſa added to the External tp the 
External part; i. e. BG. CA:: GT. 2 


46 "56h 


. 
. 
| 
1 
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DEMONST. 


"I a * | 
By the 11.17 ＋ * 8 4 (A1 
| 42 


tx IXa TATA 
4 =) :: 5 


„and tf + x. 27: * ＋ 4. a; or, 
BG. CA:: TG. AT. & E. D. 
8 PROP. XVII. | 


s the Tranſverſe Axe leſs by the External 
part, is to half the Tranſverſe Axe; fo is 
the Subtangent, to the Abſciſſa of the Or- 


dinate drawn from the point of Contact; that is, 


BT. CA:: TG. AG. 


DEMONs r. 


| By the 14. 21 —4= DES 1 0 


ita itx+5ta | 
—) , and, ono F:: K +68. & 3 


or, BT. CA:: TG. AG. 9. E. D. 
a PROP. XVIII 


* 


HE Ratio of the Ordinate drawn from the 


point of Contact to the Subtangent; is 
equal to the Ratio compounded of the Ratio's 
of the diſtance between the Center and Ordi- 
nate, to the Ordinate; and of the Ratio of the 
Parameter of the Axe, to the Axk. that is, 


GF_.CG. 3 SEE 
61 FG "os | U 


__. DEMON. 


* 


71 


1 


3 

8 
. 
* "2 
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DR MON ST. 


By the 9. tx TTT +8; and, by 
the ad.) f. p:: (tix+x*=) 7+ x x TTA. 
 Fy=pxit+xxx+4; ad (if you divide by 


* T p T , and (again if you di- 


RE TRY x tr \I5f+x. 
vide by (5) -35= 05 =) 


Z. G & E. D. 


PROP. XIX. 
F, from the Vertices of the 2 Sections, 
and from the Center, Perpendiculars be drawn 
to the Axe, and cut any Tangent, and alſo an 
Ordinate be drawn from the point of Contact, 
then theſe four Lines ſhall be Proportional; that 
is, BO.CP:: FG. AQ. 


DEMONST. 


By the 15. TB. TC:: TG. AT . (by 4 Eu- 
6.) BO. CP: EG. AQ. & E. D. 


Cox o. 
Hence, BO AQ==CP x FG. 
, PROP. XX. 
F Perpendicular to the Axe be drawn from 


the Vertexes of the oppofite Sections, and 
cut any Tangent, the Rectangle of theſe Per- 


pendiculars 


bak 2 Pr" do 6 


88828 
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pendiculars ſhall be equal to the Rectangle of 
the greateſt and leaſt diſtance of either Focus 
from the Vertex; that is, BO AQ Ka x 
KB=AH xBH. | x 


DEMONST:. 


2 Let AQ=—m, BO n, and A K or BH 7 
then (by Similar &'s,) m.y :: (a. x T4: by the 
16) f. t+x; alſo 2. :: (4. „T4 :: by 17) 


| 1 U + BE 
1f.x . 1 2 ; and 1 — = and (theſe be- 
Fr X * N 


1 2 3 
ing Multiplyed,) mMn= 1 . inn. T6 5: 
(*. t + x* : by 2d.) p. t. and Mn — (Apt 
= by the 3d.) Ff & 4. or BOXAQ =AK 
x KB. =AHxBH. | We 


LEMMAa. 


If, on the Extremities of any Chord Line pi. 
AB, Perpendiculars as BQ, AD, be drawn, and I 
if any right-Line as DQ pals through the Cen- 
ter, and cut theſe Perpendiculars, then the Ex- 
rernal parts O Q, PD, of that Line ſhell be e- 


2 and the Rectangle of the Perpendiculats 
all be equal to the Rectangle ecant QP 
into the External part QO. I 


DEMONST. 


' Becauſe the Angle A is right, .. BN is a Bi- 
ameter and paſſes through the Center C, and A 
CBQ, is Similar to the A CND .. CB. CN :: 
CQ. CD:: BQ. ND. But CBC N.. CQ 
CD, B ND, and QP==DO. but (by 36. 

* "OY 


v. 


„r 
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E. 3.) DAx (DN=)BQ=DOx DP=QP +» 
x QO- 9. E. D. | 1 | | 


„„ PRDOPIXKI 


Fig. VI. * from the Interſections (P, 8,) of a Circle 
drawn on the Tranſverſe, with any Tangent, 
Perpendiculars (as PV S &) to the Tangent be 
drawn, I fay they will Interſe& the Tranſverſe 

Axe produc'd in the Focal points K and H. - 


DEMONST. 


The A's, TOB, TPh, TAQ, and T8 
having the Angles at T, common, and each a 
right Angle, are Similar, . BO.Ph:: Sk. AQ 
and BO x AQ = (Ph xSk= by the prece- 
ding Lemma) YA x HB, or, & B x EA. But (by 
20.)BOxAQ —= HA x HB, or, KA x KB, 
the points K, &; and H, V are Coincident. 
9. E. D. © 


CoroL. 


KSxPH =I pt. becauſe HA HBN Ft 


by zd. Bl 
PROP. XXI 

3 F, fromany part of the Curve, Lines be drawn El 

Fig. VII. I to the Foci, and the Angle formed by thoſe : 


Lines be Biſected, then the Biſecting Line will 
be a Tangent tothe Curve inthe Angular point. 


DEMON. 


. nl FI — "=o" = a. iq 
2 9 1 een er- N 3 N 
* 1 "IF 0 * £ 4, 4 + 4 Wo EY na F * 
15 x ** 3 > "er A "RY 4 © A Y 1 
* ; / 1 ern IF i 
F n 1 Fs F 
N » 
W317 , 
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made by Lines drawn through the point of Con- 


4 


DEMONST. ; 
Take FX —FK, then (becauſe by Hypo- : 

theſis HF TA FFK) if youtake any reins? 8 Vit 

S, in the Line FT, the Line KS SX, by 4. 

E. 1. Draw SH, then AB (= HX) + (SX 

=) SK is greater than SH .-. the point 8, is . 

without the Curve; for, if it were in the Curve, = 

24 + SK would be equal to SH, by the Ge- 3 

neſis. | | 4 


CoRoOL.. 


Hence Lines drawn from the Foci to the point 
50 Contact, make with the Tangent equal An- 
Bes. | | 


PROP. XXII. 
A Right Line Perpendicular to any Tangent 
at the point of Contact, Biſects the Angle 


tact, and from the Focus points. that is, if FV, VII. 


be Perpendicular to FT, then the LZFY = 
(HFV. 1 6 
DEMORNS r. 


The {LFY = /TFY by Hypotheſis, and 


the LLFZ = (KF T=by 22.) TFH. which 
being taken from the former, there remains 


PROP. 


* 
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PROP. XXIV. 


F, on the Tangent at the point of Contact, 

a Perpendicular be drawn, and, from the 
point where that Perpendicular cuts the Axe, 
two Lines be drawn Perpendicular to the Lines 
which Connect the Foci to the point of Con- 
tact, then the diſtance on theſe Lines between 
the point of Contact and the Perpendiculars, 
will be equal to half the Parameter of the Axe, 
f. e. FF =. 88 


DEMONST. 


Fig. Ix. From the points S, P, where a Circle on the 
Tranſverſe cuts the Tangent draw Lines to the 
Foci H and K. which (by the 21) will be Per- 
pendicular to the Tangent .. PK, HX, and VF 
are Parallel; continue HS to X, then (by the 
22 d.) HS — SX, and HF e=FX ... KX 
AB rt, alſo A KF V, is Similar ro AKXH; 
and becauſe the LFPK — LY gF, and the An- 
oles PKF, and F are the Complements of 
the 49 FL.. A's PKF and VF, are Similar, 
and K X. XH :: (KF. FV: :) KP. Fg, and 
KX>xFq=zXHxKPorizKX x Fq—(iXH 
= RE KP; that is, * * 3 KP 

= = by 21.) 4 pf, or Fq == p. but (by 26. E. 1. 

* F E. D. f 


PROP. XXV. 


I Perpendiculars from the Vertices cut any 
Tangent, the part of the Tangent intercep- 
ted between the Interſections ſhall be the Dia - 


meter 


| 


| 
| 
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meter of a Circle whoſe Periphery ſhall paſs 


through the Foci, 
DE M ONST. 


By the 20. BOx AQ—=HAxHB .. BO. 
BH :: AH. AQ. But LQAH == ZOBH. . 
(by 6. E. 6.) AAQH is Similar to A OB H, and 
LBOH — ZAHQ. Allo AQH — BHO. 
but LAQH + ZAHQ ga right Angle; 


LQHO—(AHQ+BHO=) a right Angle, 
and (by 31. E. 3.) OQ is a Diameter. In like 
manner QK O may be proved a right Angle, 


9, E. D. 
CoRorL, 


If OQ be Biſeted in N, then NO HN 


NQ 


PROP. XXVI. 


F, from the Remoter Focus, a right Line be ö | 


drawn to the point of Contact, and in that 


Line HX — AB, and from the other Focus, 


KX be drawn and cut the Tangent in S, then 


a right Line drawn from the Center to that In- 
terſection will be equal to half the Tranſverſe 


Axe; that is, CS—=(iAB=) CA. 


DEMONST, 


In the A's K CS, KHX, the ZKis common z big. Xl. 


KC SCF, and (by 22) KS—=SX ... (by 6. E. 


6.) the A's are Similar and CS is || toH X ; alſo - 
CS= (FHX=—;AB) =CB =CA. . E. D. 


PROP. 


Fig. X. 


—_ 


— 
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PROP. XXVII. 


F, from the Remoter Focus a Line be drawn 

to the point of Contact, and another from 

the Center || to the Tangent; ; the diſtance be- 

tween the point of Contact, and Interſections 

of theſe two Lines is equal to half the Tranſ- 
verſe Axe. that is, FZ— AB. 


Ganser 


Draw CS || HF; then is the Figure FZ CS 
2. E. B. 


' PROP. XXVII. 


F, within the Curve, Lines be drawn Paral- 
[el to any Tangent, they will be Biſected by 
: a Diameter produc'd through thepoint of Con- 
Fig XI-ratt. Alſo ABCS CDF ada a 
 CVo_aVpx. 


DEMONST. - 

Fig, XII. W dp — e, C4 —#, BS gr, OD 
2 4 r. gg, Y = :. 2 
- ES the Abſciſſas Bd, BY — x, X. then, 


y FG 
I. — or 0 


CG — 
md 


Inlay 


burn. Of the HYPERBOLA.. 


| Multiply by £59; and{ecy N x5. But 


(by bed) erte. „ ey =O N 


Fe T, and u — ifcy = (r. —rXt xt x 
—=)rx#_—tx+x*; and by (6. Eu. 2.)  — 


Fr TN =I r He rl, Divide 


79 


by lt; and 75 = r x if. By Similar A's | 


If. 1: U. EN * (by Subſtirution,) #p—cy 


—=rxXit; er 
that is, ACdr —apds=aBEs. 


2. By Similar &'s | 5 (T= ue 


2. By Similar s Sd = . . 


8 1 75 - 
2 Divide by £, MEET x" Mul- 


tiply by bqY, and ghY = 4 Y* x 75 ” but (by 


Prop. 2.) V* x =FX + 1 g 


= X 1X + X* and gg* — g = (78 — 


* £X+X* =) 9X RAN but (by 6. 
Eu. 2d.) g t XTN =4f*; 1 c 


=9q „ #* Divide by g, Ka 18— 2 — 


bat (by Similar A's) g. 47. nn DE. by 
8 

Subſtitution) 28 - * Sr t, or Vox CV 

i V p.x V.x—BC x BS; that is, a CVo A 

Fe We a = the former part) Car 


— 


LY 
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pd and (by Tranſpoſition) & C VGA 

Cdr NDR -A ⁰⁵d EZ. 
3. From both ſides of the laſt Equation take 


the Figure dz b V, and there remains the A o x6 
= and Similar & Ur.. xb —=bs, 9. E. D. 


PROP. XXIX. 
HE ABSC— ACFT; alſo the Trape- 


Sium dBSr = Apdzand Abzr—Tra-” 
pegium b F Ty and FFT + bpxbF=zubxrb. 


n 


DEMONST. 


From Similar A's BS. FG :: (BC. GC:: by 
10.) CT. BC .. BSX BC —FG xCT; or 
ABSC=— ACFT =— (by 28.) ACdr - A 
pd —=ACVo __AVprx.. (by Tranſpoſiti- 
on) ABCS +Apdz = Car; from each ſide 
take ABCS; then there remains Apd = Tra- 
pegium dBSr ; and (by Tranſpoſing the 1ſt. E- 
1 AC FTA Vs x g A CV o,fromeach 
ſide take AC FTA Trapegium pboV, and there 
remains (A obx =) A bzr — Trapezium 
FT p, and (by Lemma to Prop. 11. of the Ba- 
rabola) FTT FCS br. 9. E. D. 
Definition. Let FS. FQ: : br. U:: 2FT. 
P, the Parameter of the Diameter FV. then, P 
SK 2 FT 
W br W and, a 


PROP. XXX. 


xz. x. A Sany Diameter is to it's Parameter (ſo ob- 
| tained) ſo is the Rectangle of the Diame- 
ter added to the Abſciſſa into the Abſciſſa, » 
the 


DFx > x x b 5 1 ( — 


the Square of the Ordinate of that Abſciſſa. that 
is, if you put D=FY, x—Fb, and y—=bz, 
or bs, it wilt be D. P:: DTX x. N. 


D Eon ST. 


\ 


By the Deffnitiin P —L 27 * therefore Px 


DT xx .- * FT D+x . ” 


F 
by Similar & "= _ _ therefore (by Subſti- 


Bx 
i 


tution) 


(by Lemma to Prop. 36. of the Ellpſeo . * * * 


el . D. P:: DYH X xx. . 9. E. D: 


PROP: XXXI. 


I a Tangent cut any Diameter, and, if, from 
the point of Contact, an Ordinate ba drawn 
to that 8 then, as the Semi-Diameter 
added, to the Abſciſſa is to, the Abſciſſa, ſo is 


the Diameter added to the Abſciſſa, to the Sub- 


tangent on that Diameter; that is, CP. FP :: 


N | 


* DEMO Ns r. 
Let E be an indefinitely ſmall part of the 
Curve, and Roy to cut the Diameter ii T; 


L drow 


BFT 


* * W 
4 OS ag O „ . 
7 p * N 2 Fe 5 2 « 
« ” J 
a * r 7 5 e 7 
3 1 1 
7 
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draw the Ordinate G P, and, Parallel to it, QO; 
draw Gr Parallel to (YO) the Diameter con- 


tinued; and put GH, Qr=m, and FT 
a. then V PDT, YO=D+x+#*, OF 
Xx 1, QO = n, and PT and (by 
Similar A's) m. 1 :: Y. «144 . 4 14 =#X 


2 But (by Prop. 30.) D-P::D + x+» x 


x+n. Yu Nn; and D. P:: D+xxx.F. 
and reducin Se firſt Analogy into an Equati- 
on, we ſhall have PD x + PD#+Px*t+2Pxzx 


220 ym—=(Dy in the 24. py," oa 


TP PD + 2Pxn— 2Dym, and a —= 
2 Dym_ A bp 4 
PD PN. But x * 4 =( 4 
_2Dym x 2 hin 3 
PB PT m PD+zPx P © 


2 £1 3 
Wan * DPT 


Dx rx 24 5 * 
=) T7 .2D+x.x::D+x.x+4; or, 


op. FF. Vp. pr. & E. D. 
PROP. XXXII 


HE fame things being ſuppoſed as before, 


as the Semi-Diameter added to the Ab- 


ſciſſa, is to the Semi-Diameter, ſo is the Semi- 


Diameter, to the Semi- Diameter leſs by the Ex- 


rernal part. i. e. CP. CF 3: CF, CT, 


DE MON, 


Fc; 


— — 


Paxr, III. Of the HYPERBOLA. 


DEMONST. 


 CP._.PT=CT. But CP=!D+x,CT— 
1D -a; and (by Prop. 31.) PT — 


_— iD+x 
Der „ : D* 


iD+x— IDF x rx — 2D — 
that is, Dx. 1D: : 2D -a; or CP. 3 
1: CF. CT. N. E. D. 


PROP. XXXIII. 


+ 


a, to the External part; that is, CP. CF :: 
J F. 'F FT, 


D 


By Prop. 32. . FEI 1D__2 . D — 


iD*+iDx_i5Da—_xa, and Da xa—!Dx 


0D +x iD: 46; 0; CF. CF i: PF. 
FT. 2 E. D. | 


PROP. XXXIV. 


S the Sent Dice added to the Abſciſſa, 
is to the Semi-Diameter; ſo is the Diame- 


ter added to the Abſciſſa, to the Diameter leſs 


Y = External part; that is, CP. CF :: YP. 


PROP. 


S the Semi-Diameter added to the Abſciſſ: a, 
is to the Semi- Diameter; ſo is the Ab- 
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- Dx+x* 


Fig. 
Xlli. 


384 Of che HYPERBOLA. +Pax1 III. 


DRMoNs r. 


n a f I : 
By Prop. 33. 4 Ie D (D 
iD x \D*+:Dx ; 5 1 
Dr =) D and D Tx. Df: P 
. D- a; or, CP. CF :: :YP. WT. SED. 


PROP. XXXV, 


S the Diameter added to the Abſciſſa, is to 

the Diameter leſs by the External part, ſo 
is the Abſciſſa, to the External part; z. 0. VP. 
YE £1 PF. N. 


DEMONST. 


By Prop. 33. Dx. D : : w. a. and (by the 
34.) Dx. D.: DTX. D_a. . (by Equa- 
lity) D+x.D_—_a:: x.a; or, Vp. "YT $2 
Pe. FL. 2; E. D. 


PROP. XXXVI. 


S the Semi- Diameter leſs by the External 
part, is to the Semi- Diameter; ſo is the 


External part, to the Abſciſſa. i. e. CT: CF :; 
EFF. 


D EMoNST. 


2 


By Prop. 3%. Tm =D . 10 


: D* _:Da+iDx xa; and Dx —xa= 
:D 


par III. Of che HYPERB ora. 0 
iDa. i. e. 1D 4. D:: 4. &; or, CT. CF: 
FT. FP; 2 Z. HD. 


P R O P. XXXVII. 


8 the Semi. Diameter leſs by the External 
part, is to the Diameter leſs by the Exter- 


nal part; ſo is the 2 * to the Subran- 
gent. i. e. CT. VT: 


DEMONST. 


By Prop. 36. Dx — xa DZ n= 


=. TT ( 2+ 75 2 * ) 


— 
2 — — 


Da- 24 


118 and:D__a.D__a::a.x+a; or CT. 
YT: Fr. pT. Q. E. D. 


PROP. XXXVIIL 
$ the Semi-Diameter leſs by the External 


part, is to the Semi-Diameter ; ſo is the 
Diameter leſs by the External part, to the Dia- 


meter added to the Abſciſſa. i. e. CT. CF :; 


FJ. L-F; 


DEMONST. 


2D 2 
By Prop. 37. * =7D7 * } „Dr =( D 


_ =) —_— and 104. 1D: 


D. D+x; or, r. CF : VI. Vp. 
n 


PROP. 


Fig. 
Xi 


36 Or che HYPERBOLA. Panr Ill. 


PROP. XXXIX. 


= any Ordinate to the Axe (asV x) we con- 
tinued to (N, in) the Focal Tage (TO) 
then the diſtance (N05 from the Axe to that 
point in the Tangent, ſhall be equal to (K x) 
the diſtance from the Focus to the extremity of 
that Ordinate. 


DEMO NST. 


Put CK , CB —c, CV, then AK 
bc, BK—=b_c,VK—d ob, BV = 
ol c, and AVS Ac, then, | 
1. The point K being the Focus by prop. 4. 
K L half the Parameter of the Axe, md hy 
Prop 3.) CB. AK:: KB. KL, or, c. 6 1 :: 


* Ns =E —(KL= =) p. Alſo (by Prop. 
10.) CK. CB::CB.CT; or, b.c 22 C. 7 2 
CT. But CK - CT = KT. z eb fa 


EE = — why and * SS CT—=YT, Or, 


c * 
4— 7 = 5 a= T4 and (by Similar 


AS)KT.KL::VT. VN, or, ==. —— 
44 — 4c. 

EPS VN. 0 
2. By Prop. zd. CB.KL:: AVxVB.V xq. 


or, e ce, 22— 2 


c* 
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Par III. Of the HYPERBOLA. 
=Vxq. and MO = d- 2d + . But 


(by 47. E. 1.) q + Vxq = Kxq, or, 
Cn 2Cbdt 6 6 d* © =Ks and by e 
7 4. n 


the ms Root, K Kr = == by the 
firſt part) VN. L Ap Wh 


PRO P. XL. 


| 7 Perpendicularsbe drawn from the Vertices 
kt, to the Focal Tangent, then theſe Perpendi- 
|.  culars ſhall be equal to the diſtance (in the Axe) 
from each Vertex to it's adjacent Focus reſpec- 
tively; that is, AO AK, andBQ BK. 


DEMONST. 


bK. AO=AK. 2. E. D. 
PROP. XLI. 
5 thro 22 


"3 
>» 


Linebedrawn tothe Ver- 
= _ — be produced tothe Tan- 
gent, — — that — — diſtance bo- 
tween the Tangent and Interſection of theſe 
Lines is equal to the diſtance (in the Axe) from 


the Focus to the ne the Ordinate; 


* DNS = K 


DENON. 


By the 20. AD 5 —=AK KB. AO. 
AK :: KB. BQ. Bur ( y Prop. 39.) BQz: | 


int of Contact of the Focal 


87 


Fig. 
N. 


Fig. 
Xl 


e wh 8 
A. 


Of the * OLA: Par Ill. 
| DERMONsS r. 


From Similar A's AO. DN: : (LO. LN :: 
AL. LD::). AK. KV; But 40 AK * 
the 40. .DN=KV. 2 E. D. 


— 


8 . 


Of the HYPERBOLIC 


ASYMPTOTES. 


1 


* 


PROP. XIII. 


Fig. my any Ordinate tothe Axe be continued both 


ways to the Aſymptotes, (asNGP) then, 
the Square of the Semi-Conjugate Axe, (B w 
will be equal to the Rectangle of the greateſt 
and leaſt diſtance of either extremity * that 
Line from the Curve; that is, BEq== NS x 


SP rar. 


pDuoxs r. 


Let NG=— PG—=6, and the other Symbols 


as uſual; then CGS fx, and (by Similar 


s) CBq. BEq:: CGq.GNq. i. e. in. zo 
=) {tp : 30 + 6x T N. b . BLOT 
TFF7x+x*, But (by Prop. 2d. 97. 5. :tx +x 


. . 


IÞ—=pt=) 10. Sony c. 5 
br NS. EB:: EB. SP. 9. | 


PROP. 


Par ill. Of the HYPERBOLA. 
PROP. XLIN. ; 


| T HE Aſymptotes continually approacli to 
the Curve. 


| 


| | 
| By the ad. EB NS xSP=O#x4VY 
. ;*. NS. 05: : aY. SP. But Ns is leſs tliah Oa, 
therefore a Y, is leſs than SP, and conſequent- 
15 the point V is nearer to the Cutye; than the 
| PORE: 2 E. D. 
: PROP. XLIV. 
| 


| 


F the Af 3 and Curve be infinitely 


 DEMONST: 


produced, they will never Concur. 


Dzmoxsr, 


| From the two firſt 3 of Prop. 42. it 
follows; that r £x| it + x". : FFxxx.9*. that is, 
889. GNq:: A x BG. Grq. But (by 6. 
. 2d.) CGqisgreatetthan AGB G. GN 

er than Grq, and GN greater than Gr, 


| 1. wil never touch the Curve. 


3 PROP. XLV. 
Ir an Ordinate to the Axe be produced both 
ways to the Aſymptotes, then the parts in- 
ro Bak on each ſide between the Curve and 
* are equal. 1. e. SP rN. 


M DEMON: 


alid cotiſequently wherever the point Nis __ 


6 NO 1 — 
L 8 , » A : * < „ 
© . * $ > 1 ” ial 1 A . ET” 
% 5 \ - es > a A 12 pe hs * *. * D "Is 2 4 : . $4, 1 a 24> py * a 3 
I "I. : 3 S A . Dre e ee IE RS 
* IS E e * 37 "I ad ls 4 * * 9 n ENTS SI FIG TY . 3 ey Y ** EEE ad oY 2 2 ** 2 525 Py ” 
8 Caen Ea 9 rr. — + a" 4. SL A n. . n 1 3 38 n MP "5 
2 r TEE 7— 


9% Of the HYPERBOLA. Pr Il. 


7 point of Contact, with this Condition, that as 


DEMONs r. 


From Similar A's BD. B E.:: GP. GN. but 
BD BE. GP = GN, and the Ordinates 
GS, Gr, being equal, N will be = SP. 

Definition. If the Tangent to the Vertex of 
any Diameter be continued both ways from the 


the Diameter paſſing through the point of Con- 
tact, is to it's Paramater, ſo is the Square of the 
Semi-Diameter, to a fourth Proportional, then 
if the Square Root of that fourth Proportional 
be ſet both ways from the Vertex on the Tan- 
gent, (as FP, FQ) the extremities will deter- 
mine the Conjugate Diameter, and if through 
theſe extremities, right Lines be drawn from 
the Center, (as CP, CQ) they ſhall be Aſymp- 


totes. 


PR OP. XLVI. 


FF any Otdinate to a Diameter be produced 
both ways to the Aſymptotes, 1 asmbn) 


+. then the Square of the Semi-Conjugate Diame- 


ter, will be equal to the ReQangle of the great- 
eſt and leaſt diſtance of either extremity of that 
Line from the Curve; that is, FP = m x 
—.. ² 2 


"'DEMONST. 


Put bm==#, br, FP FQ As; then 
(by the Definition) D. P:: CF q. FPq; or 
D. P:: 1D˙ cf . l =; PD. But 


(from 


Par III. Of the HYPERBOLA. 
(from Similar A's) CF q. FPq :: C q. ng. 

that is, 2D. DP. D X | 
3D + Dx + .. and (by Prop. 30.) D.P :: 


DT Nx. * 42 5 * Dx Þ+ *, and e* — 
7 (* = ic, Alſo ry. c c. /d 
7 ; or, FP —=mazxzn=r1xrm, 
PRO P. XLVII. KEE: 2 
1 Aſymptotes drawn through the ex. | 3 
tremities of any Conjugate Diameter and 1 
produced, do continually approach to the Curve. 


n 5 V , 2 A , 4 1 3 

Cy . _ 
DEMONST 4 

- * A * 

. 


By Prop 46. W —(FPq=—) wt? x 
W. M Z. WH. i: WS. mr. But m , is leſs than 
t.. Ws, is leſs than mr, and conſequently 


the point w, is nearer the Curve than the point 
m. Q. E. D. 


PROP. XLVMI. 
W . E Aſymptotes produced through the ex- 


1 tremities of the Conjugate Diameter will 
never meet the Curve. „ 5 8 


DEMONST. 


By the 46. z DI F Pq; aud ( by Si- Fig. 
milar ) bw|.Cof ::(FPq.CFq:: PD. :D! XVI. 
:) P. D; and (by Prop. 30.) 5. e £ 


Fig. 
XM. 


« Y 2 4%, a P 4 — r k 
. — ITT * Uo de 71 4 8 
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Oft the HYPERBOLA. Paar III. 


p. D; therefore (by Equality) YH. Y bx6bF :: 
P. Cb. But by (6. Eu. 2d.) C is greater 
than VF GV. S is greater than Sᷣg and 6 
greater than bs; conſequently wherever the 


point , be taken in CP produced, it will be 
without the Curve. E. D. 


PROP. XLIX. 


Tf Ordinates to any Diameter be produced 
both ways to the Aſymptotes; then the x- 
ternal parts between the Aſymptotes and the 
Curve are equal. i. e. Tm π En. 


From Similar A's PF.FQ : : bm. bn. But PF 
=FQ, . m — bn. from which, if you take 
away the equal Ordinates, there will remains m 


PROP. L. 


F the right Line t, be drawn Parallel to the 
Diameter F Y, then the Square of the Semi- 


Diameter CF, ſhall be equal to the Rectangle 


contained under the greateſt and leaſt diſtance 
of cither extremity of that Line from it's adja- 
cent dete, that is, CF q Hd xrpz= 
pt Nd 


DEMONST. 


| = d, rn =P andy {= . then, becauſe & - 


mrp 


. 
1 


: 
4 
88 
0-0 
w 5 how's * 2 
60 | . * 
MM TEES -. * -* at 


Pur Ill. Of the HYPERBOLA, | 3 


mrp is Similar A PFC, and A nr dis Similar 


o 3 3 


£5 — 25 or p b. c:: qd. t. But (by the 46) 
P ci. gd, or CF rd xrp. QE. D. 


PROP. LI 


F a right Line be drawn Parallel to any Di- 
1 ameter and cut the oppoſite Hyperbolas; 

then the parts of that Line intercepted between 
the 1 and Aſymptotes are equal, that is, 
Yp=7a. | | | | 


«  DEMoONST. 


Make the Abſciſſa, Yo — F; draw the Or- 
dinate or, and the Conjugate Y R. then, from 
Similar A's, mr. rp :: (PF =FQ.FC:: YR. 
YC ::) Sr. . But mr =(S#=) St .rp 
—= td. 9. S.. 


p RO P. LII. 


T*: through any two points (L,M) in the 
Curve, right-Lines (LV, MT) be drawn Pa- 
rallel to the Aſymptotes, then the Rectangles 
under each of theſe Lines and the adjacent diſ- 
tance (on the Aſymptote) from the Center, 
22 be equal, that is, LV x VC —MT x 


| DEMON, 


__ —— 


—_— 


Of theHYPERBOLA. Nuri. 


DxMoNST. RES 


Through the points L, and M, draw the right 
Line LM, and ſet RL =y, LV==4, RV = 
p, MQ=—=zs, QT = x, MT=:c., VC—=6, 
and T Cg a. then, becauſe of Parallels, the A's 
RVL, RCQ, MT Q are Similar. But (by 
49.) y = E, . cp, and x= d, and c (p.) 
4:: (T=) c. (a+x=)a+d..ca= 
db. or LVX VCS MT NTC. &. E. D. 


CoR ol. I. 


Hence ifthe Lines MT, 7, t, Sc. be draun 
Parallel to the Aſymptote C R, and the Paral- 
lelograms T, S u, to, Sc. be inſcribed, they 
will be equal to each other. Becauſe, by the ſame 
reaſoning, as in this Prop. we may prove each 
of them equal to the Parallelogram L C. 


CoR ol. II. 


Each of the Inſcribed Parallelograms T, Sn, 
Sc. is equal to the Square of a Right Line (as 
BS) drawn from the Vertex B, Parallel to the 
Aſymptote CR. 

For, (by this Prop.) each of them is equal 
to BS (GC) x SC; but (by the Geneſis 
the BCG — 1B CS, and (from Parallels) 
LBCG —LSBC, . 4BCS Sg SBC, and (b 
the 6. E. 1.) BS SC; and conſequently 
of the Parallelograms Tm, en, Sc. is equal 
to BS * BS, or BS a. 


Scholium 


rr i. Lo <. oiis at 
ONT YT WY Or IYER TD TO LOS © 
ORC SL ob OST EEG. it. 
* L 


Parr. II. Of the HYPERBOLA. 


Schohaum. Right Lines drawn from one A- 
ſymptote, and Parallel to the other, and termi- 
nated by the Curve, (as g, £7, Wc.) are cak 
led Ordinates; and the di e of thoſe Lines 
from the Center (as t C, C) Abſciſſas, and a 
right Line drawn from the Vertex, Parallel to 
the Aſymptote, (as BS) the Parameter of the ex- 


terior Hyperbola; and if 2, be put for ſuch Pa- 


rameter, x for the Abſciſſa, and y for the Or- 
dinate; then (by the laſt Coroll.) pp =». 


PRO P. IIII. 


I on either of the Aſymptotes (as CE) from 
L the Center right-Lines be fer off in Continu- 
al Proportion (as CD, CE, CF) and if, from 
the Extremities of theſe Lines, there be drawn 
Lines Parallel to the other Aſymptote and con- 
tinued to the Curve, (as DG, EH, FI) they 
ſhall likewiſe be in Continual Proportion; that 
| EC CE, CF be — then DG, EH, FI 
will be = | | 


DuMENsT. 


By the 52. GDxDC = HExCE, and CE. 


x FI — CE xEH. and (by Suppoſition) CD 


xCF=CBxCE.. DG.BH:: (CE. DC: 


CFE:CE::) EH. FI. A E. D. 
PROP. LIV. 


F, on either Aſymptote there be ſet off equal 
ts from the Center, that is, if, right Lines 

e Er off from the Center in continual Arith- 
metical 


95 


Fig: 
XIX. 


CM. C N:: NS. MR 


"Ort HYPERBOLA. bur tif; 
* mnordbil Proportion, (as CM, CN, C O, CP, 
Sc.) and from the extremities of theſe, there 


be drawn right Lines Parallel to the other 


Aſy tote, and continued to the Curve, (as 


MR, NS, OT, PV) theſe mall be in continu- 
ed e Proportion he 


DemonsT. 


MR (=CX) x CM=NSx SN o 
x CO=VPxCP therefore, 5 = 
CM.CO::TO. den- :COS -, 
CM.CP::VP,MR 0 


NS 
555 S ib if MR be equal to ly 
P. 


VP then NS, OT = {ys _— 
which ( bei the Reciprocals of continued A- 


rithmetical Proportion * in W Far 
monic Proportion. 9g. E 


$1m wine with 


RO PIV. 


F Hoop the Center on either Aſymptote, there 
be ſer three Continual Proportionals (as CD, 


Fig Xx. CE, CF) and from their Extremities right Lines 


be drawn Parallel to the other a rote, and 


continued to the Curve, (as DG, EH, F 1 and 


ifonthe Curve through the ends of che Extreams 
(as I, G,) a right Line be drawn as LM, then 
I fay aright Line drawn fromthe Center through 
(H) the end of the mean, ſhall Biſect that Line. 
that is, CO, Biſects 1G in O. 


ö DemonsrT. 


W 
F 


a” * p 
- E £ 
4 * 4% 1 


e 


3 DuMoxs r. 


' 4 Draw H K Parallel to LM; then (from Si- 
(hilar A's) EH. KH:: FI. LI; and E H. KH 
: DG. GL ... EH q. HKq :: FIX DG. LI x 
GL. But (by the 53.) BEHq—FIxDG -. 
/HKq—LIxGL; and (by the 46.) KH is 
Ja Tangent to the point H; and conſequently 10 
"> OG, being Parallel to it; is àn Ordinate to 
the Diameter CO. Q. E. D. + 


PROP, LVI. 


; ſequently by the 53 DG, EH, FI) be ih 
continual Proportion; then the Spaces (HEDG, 

 £ EHF1) between the Curve and Aſymptotes 
on each ſide of the mean, (E H) to the Extreams 
( FIand DG) ſhall be equal: 


* | | DE MON S f. 


| T. Through the points I and G, draw the 
[right Line LM, and, through the Center and 
H, draw the right Line CO; then (by Props. 
55 and 49.) LOS OM. . (by 1. Eu. 6:) A 
MOC=— AO Cl. But the Space O GH = the 
Space O Hl, becauſe each is compos' d of an in- 
definite Number of equal Ordinates, conſequent- 
Hy the Space C H G M= Space CH IL; and from 
each take away the A's MGP + NHC —&'s 
.$FLI + HCE, then there remains the Space 
NHGP = Space EHFI., © © 
2. But C GU EN by 52. NG RE 
and conſequently the * HED G = (Space 
1 | HRG 
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| 48 IF CD, CE, CF on the Aſymptote (and coli- Fig XX. 


98 Of the HYPERBOLA. Pax III. | F 


HRG + [RE = Space HRG + [] NG — 
Space NH GP by the 1. part) SpaceEHFI. 
8 


PRO P. IVI. 
Ir, on either Aſymptote be ſet off continual 


Fig. 1 Proportionals, and, from their Extremities 
XX. right Lines be drawn Parallel to the other 
Aſymptote, then the 5 between theſe Lines 
ſhall be as the Logarithms of the Ratio's of the 
Lines which bound them. That is, if Ca, C&, 
Cc, Cd, Sc. be + then the Space 4c , is 
as the Logarithm of the Ratio of C to af; and 
the Space 70. as the Logarithm of the Ratio 
of dg to af; Vc. | | 


* 


Let the Spaces between the Parallels be A,B, 
C, D, Sc. (as in the Figure) then (by ſup- 


poſition) 88 . (by Prop. 56) A=—=B; 


Ce CE FAY 3 
and YET: BC, Sc. that is, if oy 
QF Cc. Cd 


r Sc. then A=B—= C =D, 


Sc. whence the Spaces are a Series of Continu- 
ed Arithmetical Proportionals, fitted to a Se- 
ries of Continued Geometrical Proportionals, 
and conſequently the Addition of one Anſwers 
to the Multiplication of the other, which is the 
Property of Logarithms. as for Example. 


|  Maleply 


* 


} 
N 


Spaces BF G, 57G; 


Parr III. Of the wan u5 
| Multiply the Geometrical Lertes 88 =, 


the product will be (85 = by Prop. 52. 72 275 8 


and add the Correſponding Arithmetical Series, 
and the Sum is (AB) the Space ac kf, Con- 


ſequently the Space ac &f;, is as the Logarithm 
of the Ratio of ? f to af. 2 E. D , 


PROP. LVn I. 
T HE Areas of two Hyperbolas having the 


ſame Tranfoerſe Axis, are as their Con- 


Jugates. 


DEMONST. 


Let FB, FB, be two Hyperbolas deſcribed 


cotheſame Tranſverſe Axis A B; then (by Prop. 
1.) GFq. BGA:: BDq. BCqy and Gf4. BGA 


::Bdq. BC. (5 Leu) } GFq. 978 


B Dq. BA. and (by 22. B. 5) GE. 8757 

Bd. But the Sum of all the GF, Gf do reſp = 

tively Conſtitute the Areas of the 3 
efefore (by 12. E. 5.) 

rhoſe Areas are as the Conjugate Axes. Q. E. D. 


PR O. LIX. 


P Circumſcribiug any Diame. 


ters of an Hyperbola are _ 


Dann 


From the Vertex of the Diameter, and of the 
2 5 draw FI, B H, Parallel to the Aſymp- 
| ors 


o =. 
_ 


+ AY 71 
=_ 
* by" + 
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tote CQ; and to the other Aſymptote let fall 
the Perpendiculars FG, BD, Put IC x, FI 
—y, BD==c, and CHa, then (from Simi- 
lar A's) FP.FQ:: PI. IC; but PF=FQ ... 
PI IC and CP :x, and FG (from the Si- 


mir es Hop, GIF, erg. the Ara 
of the Parallelogram PFCK —= PCxFG — 
— —— (becauſe, by Scho/zum to Prop. 52. 


yx==4,) 24c CEN BDS Y EBC. &. E. D. 


FM . * 7 
— 7 ” - x 


2 422 22 _— — Y 
> WIS ZN BY Hf 3! © Mp, 
x} RAD 2 5% EC | 202 
7 N \ p 3 2 * 1 ' IS N 
* : Js . 4 : 2 - 
” k 8 ; eie * V 
« a * p "3h 
. . 
* = * ; ® 
* % bs — * . 
* 


Having Conſidered the Properties of  —- | 
the Parabola, Ellipſe, and Hyperbola, from 
their Conſtruction in Plano, without any re- 

gard had to the Cone. I ſhall ſubjoin the Pro- 

perties of the three Figures made by the cut- 

ting a Cone by a Plane; which Properties from 

their being the ſame with thoſe before deliver- 
ed, plainly prove the Figures whoſe Proper- 

—— | ties havedeſcribed, to ls the true Sections 

cot a Che. 


If a Cone be Cut by any Plane, to find che Fi- 
| gure of the Section. 


| $ 1 ABC, be a Cone ſtanding on a Circu- Fig. 24, 
lar Baſe BC, and IE M its Section ſought; 25. K 26. 
and let KILM be any other Section Parallel 1 
to the Baſe, and meeting the former Section in Ellpſe. 
HI; and ABC, a third Section, Perpendicula 
ly Biſecting the former in EH and KL, and the 
Cos in the Triangle ABC, and producing EH 
(in Fig. 25.) till it meet A K in D; and having 


— drawn E F and DG Parallel to KL, and meet- 3 
 . {4} ing ABand AC in F, and G, call EF a, DG | 6 
. =, E Dc, the Abſciſſa E H S— and the 15 1 


Ordinate HI==y; and by reaſon of the Simi- 


8 — — WO ey -_—_— ———_— — 


— * 8 


See Prop. 18. of. Sir Iſaac Newton's Algebra, 


* we? wo va! 
ja * # : " bs a. P 
— . * ” 4 Er 
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152 A F No 
lar Triangles EH L, EDG, ED willbe DG:: 
EH. HL ==; thenby reaſon of the Similar 
Triangles DEF, DHK, DE will be. EF: : DH. 
(c—x in Fig 24 and c +x in Fig. 25) HK == 
RS D, laſtly, ſince the Section K II. is Paral- 
lel to the Baſe, and conſequently Circular, HK 
x HL will be =HIq,thatis, E 
; andifp be a fourth Proportional to c, a and 
b, then, _ Equal 2. and (by Subſtirution ) 


er ker. =. and if X, and V, be put for 


any other Abſciſſa, and Ordinate, then by the 
pc Xt + X. 


fame reaſoning it may be proved that 


— Y*, Hence, 

1. When a Cone is cut by a Plane which in- 
terſects both its ſides (as in Fig. 24.) then the 
Property of the Curve made by * of that 
Soc. will be ſuch, that C-. :: (c. p 


— XxX. Y*; which is the fame Pr 
ty with Coroll. to Prop. 2. of the Elhpſe fore- 
oi 

. 8 When a Plane cuts the Baſe and fide of a. 
Cone continued from the Vertex, (as in Fig. 25.) 
the Property of the Curve made by the Plane of 
that Section, will be ſach, that c+ x x x. :: 
(c.P::) XXX. Y*; which is the ſame 

with the preceding Coroll. to Prop. 2. of che 

Hyperbola. 


a If 
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APP E ND IX. 


It a Cone be cut by a Plane Parallel to one o 


ir's ſides, (as in Fig. 26) and if, AF be — a, 
HK=—6, EH the Abſciſſa — x, and the Ordi- 
nate IH ==, then, (by reaſon of the Similar 
Triangles AFE, EHL) AF. (FE=) KH:: 


EH. HL = E; but KHx HL=Hlg, that 


is, = ty and if you make p, a third Pro- 


's | 3 
portional to a, and &, then — = F, and (by 


Subſtitution) x =5*; and if you put X, and 
V, for any other Abſciſſa and Ordinate, then 
by the ſame manner of reaſoning it may be pro- 
ved that XV. whence, V. *:: (X. px 
::) X. x. which is the ſame with the e to 
Cor. to Prop. 1. of the Parabola. 
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